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DIFFERENTIABLE APPROXIMATION OF CONTINUOUS
SEMIALGEBRAIC MAPS
JOSE´ F. FERNANDO AND RICCARDO GHILONI
Abstract. In this work we approach the problem of approximating uniformly continuous semi-
algebraic maps f : S Ñ T from a compact semialgebraic set S to an arbitrary semialgebraic set
T by semialgebraic maps g : S Ñ T that are differentiable of class Cν for a fixed integer ν ě 1.
As the reader can expect, the difficulty arises mainly when one tries to keep the same target
space after approximation. For ν “ 1 we give a complete affirmative solution to the problem:
such a uniform approximation is always possible. For ν ě 2 we obtain density results in the two
following relevant situations: either T is compact and locally Cν semialgebraically equivalent
to a polyhedron, for instance when T is a compact polyhedron; or T is an open semialgebraic
subset of a Nash set, for instance when T is a Nash set. Our density results are based on a
recent C1-triangulation theorem for semialgebraic sets due to Ohmoto and Shiota, and on new
approximation techniques we develop in the present paper. Our results are sharp in a sense we
specify by explicit examples.
1. Introduction and main results
The importance of approximation of continuous functions is a natural question that arises
from Stone-Weierstrass result of uniform approximation of continuous functions over compact
sets by polynomial functions. This result provides naturally a polynomial approximation result
for Rn-valued continuous maps f : K Ñ Rn defined on a compact set K. Difficulties arise when
trying to restrict the image of the approximating map. One way to proceed is to be more flexible
with the type of approximating maps but also by considering tame sets as domain of definition
and target space. When considering suitable classes of approximating maps with some kind of
regularity (and not only polynomials), we can also relax the compactness assumption concerning
the domain of definition. A crucial fact is the topology we provide the space of maps we are
working with because it determines the kind of approximation result we can achieve. Namely,
given a space of maps FpX,Y q between two sets X and Y endowed with a certain topology and
a subset GpX,Y q, each map in FpX,Y q can be approximated by maps in GpX,Y q if and only if
GpX,Y q is dense in FpX,Y q.
In order to state properly the main results collected in this section, we need some preliminary
definitions. Recall that a set S Ă Rm is semialgebraic if it is a Boolean combination of sets
defined by polynomial equalities and inequalities. A map f : S Ñ T between semialgebraic sets
S Ă Rm and T Ă Rn is semialgebraic if its graph is a semialgebraic subset of Rm`n. Let Ω be a
(non-empty) open semialgebraic subset of Rm, let ν P NYt8u and let SνpΩq :“ SνpΩ,Rq be the
set of all (real-valued) semialgebraic functions defined on Ω that are differentiable of class Cν .
If ν “ 8, the functions in S8pΩq are called Nash functions on Ω, and the set S8pΩq is usually
denoted by N pΩq. We equip SνpΩq with the following Sν pWhitney q topology, which makes
it a Hausdorff topological ring [Sh1, II.1]. For each positive continuous semialgebraic function
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ε : Ω Ñ R and for each multi-index α :“ pα1, . . . , αmq P N
m with |α| :“
řm
i“1 αi ď ν, we define
the set
Uε,α :“
 
g P SνpΩq : |Dα g| ă ε
(
,
where Dα g denotes the partial derivative B
|α|g{Bxα11 ¨ ¨ ¨ Bx
αm
m . The sets Uε,α form a subbase of
neighborhoods of the zero function for the above-mentioned topology. A semialgebraic function
f : S Ñ R defined on the semialgebraic set S Ă Rm is Sν por Nash if ν “ 8q if there exist an
open semialgebraic neighborhood U of S in Rm and a function F P SνpUq extending f to U .
We denote the set of these functions by SνpSq (or by N pSq if ν “ 8).
Suppose now that ν P N and S Ă Rm is locally compact. The latter condition on S is equivalent
to the existence of an open semialgebraic neighborhood Ω of S in Rm such that S is closed in Ω.
In the Sν category there are bump functions as well as finite partitions of unity [Sh1, II.2]. Using
this it follows, due to the closedness of S in Ω, that the restriction map ρΩ : S
νpΩq Ñ SνpSq
is surjective. We can equip the set SνpSq with the quotient topology τνΩ induced by ρΩ and
consequently ρΩ is an open (continuous) map and S
νpSq is a Haudorff topological ring. Such
a quotient topology on SνpSq is called Sν topology (induced by ρΩ). This topology does not
depend on the chosen open semialgebraic set Ω that contains S.
Proof. Let Ω1 Ă Ω be an open semialgebraic neighborhood of S in Ω. We claim: τνΩ “ τ
ν
Ω1 .
Consider an Sν partition of unity θ1, θ2 : Ω Ñ R subordinated to the open semialgebraic
covering tΩzS,Ω1u. The homomorphisms ΨΩΩ1 : S
νpΩq Ñ SνpΩ1q : f ÞÑ pθ2fq|Ω1 and ΨΩ1Ω :
SνpΩ1q Ñ SνpΩq : g ÞÑ θ2g are continuous. The S
ν function θ2g values θ2pxqgpxq if x P Ω
1 and 0
if x P ΩzΩ1. The restrictions of pθ2fq|Ω1 and θ2g to S value respectively f |S and g|S . Thus, we
have the commutative diagram
SνpΩq
ρΩ

Ψ
ΩΩ1 // SνpΩ1q
Ψ
Ω1Ω
oo
ρ
Ω1

SνpSq
Id // SνpSq
Id
oo
where ρΩ : S
νpΩq Ñ SνpSq and ρΩ1 : S
νpΩ1q Ñ SνpSq are the open quotient homomorphisms.
The identity map Id from left to right is continuous if and only if Id ˝ ρΩ is continuous if and
only if ρΩ1 ˝ ΨΩΩ1 is continuous, which is true. The continuity of the identity map from right to
left is similar. Consequently, the topology does not depend on the neighborhood. The previous
argument, which works for the general locally compact case, appears in [BFR, p. 75] implemented
only for the particular case of Nash manifolds with corners. 
In fact, one can show using [BFR, Prop.2.C.3] that the Sν topology of SνpSq does not depend
on the Sν immersion of S as a closed subset of an open semialgebraic subset of an arbitrary
Euclidean space.
By [DK] the space S0pSq (for ν “ 0) coincides with the topological ring of all continuous semi-
algebraic functions on S endowed with the topology that has as a basis of open neighborhoods
of the zero function the family constituted by the sets tg P S0pSq : |g| ă εu, where ε : S Ñ R is
any positive continuous semialgebraic function.
A semialgebraic map f :“ pf1, . . . , fnq : S Ñ T Ă R
n between semialgebraic sets is said to
be Sν (or Nash if ν “ 8) if its components fi : S Ñ R are S
ν functions. We denote SνpS, T q
the set of these maps (or N pS, T q if ν “ 8). If ν P N, we endow SνpS, T q with the subspace
topology induced by the product topology of SνpS,Rnq “ pSνpS,Rqqn. We call such topology
the Sν topology of SνpS, T q.
Let ν ě 1. A semialgebraic set M Ă Rm is called an (affine) Sν manifold (or a Nash manifold
if ν “ 8) if it is in addition a Cν submanifold of (an open subset of) Rm. As in this paper all
manifolds are affine we often drop the adjective affine. A map f :M Ñ N between Sν manifolds
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is Sν in the sense of the above paragraph if and only if it is semialgebraic and differentiable of
class Cν in the usual sense for Cν manifolds involving charts. For more details concerning the
spaces of Sν maps, we refer the reader to [BFR, 2.C & 2.D].
We recall also that if U is an open semialgebraic subset of Rn, a set Y Ă U is called Nash
subset of U if there exists a Nash function g P N pUq such that Y is the zero locus of g. A Nash
set is a Nash subset of an open semialgebraic subset of some Rn. Naturally, a Nash subset Z of
a Nash set Y is a Nash set Z that is closed in Y . Observe that a Nash set is semialgebraic and
a Nash manifold is a (non-singular) Nash set.
1.A. Some relevant known approximation results. There are many approximation results
in the literature and we recall here some of them.
Sν maps by Nash maps. Efroymson’s approximation theorem [E, §1] ensures that continuous
semialgebraic functions can be approximated by Nash functions on a Nash manifold. This
statement was improved by Shiota in many directions [Sh1], for instance, providing a similar
approximation result for Sν functions using the Sν topology and proving relative versions of
such a Sν approximation result. The previous results can be extended to approximate Sν maps
f : S Ñ N from a locally compact semialgebraic set S Ă Rm to a Nash manifold N Ă Rn by
Nash maps g : S Ñ N in the Sν topology, making use of a suitable Nash tubular neighborhood
of N in Rn (see [Sh1, Lem.I.3.2]). We can even go further and obtain approximation results for
Sν maps between Nash sets with monomial singularities.
Theorem 1 ([BFR, Thm.1.7]). Let M and N be Nash manifolds, let X Ă M be a Nash
set with monomial singularities and let Y Ă N be a Nash set with monomial singularities
whose irreducible components are non-singular. Define m :“ dimpMq, n :“ dimpNq and q :“
m
``
n
rn{2s
˘
´1
˘
where rn{2s denotes the integer part of n{2. If ν ěq then every Sν map f : X Ñ Y
that preserves irreducible components can be Sν´q approximated by Nash maps g : X Ñ Y .
As a by-product, one has the following classification result for Nash manifolds with corners.
Recall that a Nash manifold with corners Q has divisorial corners if it is contained in a Nash
manifoldM of its same dimension and the Nash closure of BQ inM is a normal-crossings divisor
(as one can expect this is not always the case and a careful study can be found in [FGR, 1.12]).
Theorem 2 ([BFR, Thm.1.8]). Let Q1 and Q2 be two m-dimensional Nash manifolds with
divisorial corners. If Q1 and Q2 are S
ν diffeomorphic for some ν ą m2 then they are Nash
diffeomorphic.
Nash maps by regular maps. The problem of approximating (smooth or) Nash maps between
real algebraic manifolds by regular maps is an old and deep question in real algebraic geometry.
Let X and Y be real algebraic manifolds of positive dimension such that X is compact. The
set RpX,Y q of regular maps from X to Y turns out to be dense in the corresponding space
N pX,Y q of Nash maps endowed with the C8 compact-open topology only in exceptional cases.
Besides the Stone-Weierstrass theorem (quoted above) for which Y is an Euclidean space, the
density of RpX,Y q in N pX,Y q is known only when the target space Y is one of the spheres
S
1, S2, S4 or a grassmannian. For a general rational real algebraic manifold Y , we must restrict
hardly the possible domains of definition X to some special types. A remarkable example is
the density of RpSm,Snq in N pSm,Snq for each pair pm,nq when n “ 1, 2, 4. If n ‰ 1, 2, 4, the
density of RpSm,Snq in N pSm,Snq remains a fascinating mystery. For further details, we refer
the reader to [BCR, Ch.12 & §13.3] and the quoted references there, to the survey [BK6] and to
the articles [BK1, BK2, BK3, BK4, BK5, BKS, G3, K2]. In [G1, G2] the second author showed
that if Y is ‘generic’ in a suitable way, RpX,Y q is an ‘extremely small’ closed subset of N pX,Y q.
This lack of regular maps between real algebraic manifolds seems to be the main obstruction for
an extension of the Nash-Tognoli algebraization techniques from smooth manifolds to singular
polyhedral spaces and, in particular, to compact Nash sets [AK, GT].
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Continuous maps by continuous rational maps. Kucharz has studied deeply approximation re-
sults of continuous maps between a compact algebraic manifold X and a sphere Sn by continuous
rational maps. As X is compact the author considers on the space CpX,Snq of continuous maps
from X to Sn the compact-open topology. In case X has dimension n, the space R0pX,S
nq of
(nice) continuous rational maps from X to Sn is dense in CpX,Snq (see [K3, Thm.1.2, Cor.1.3] for
further details). In addition, for any pair pm,nq of non-negative integers, the set R0pS
m,Snq is
dense in CpSm,Snq (see [K3, Thm.1.5]). In general R0pX,S
nq needs not to be dense in CpX,Snq.
Simple obstructions can be expressed in terms of homology or cohomology classes representable
by algebraic subsets. We refer the reader to [K1, K3] for further details.
Homeomorphisms between smooth manifolds by diffeomorphisms. There are many and celebrated
approximation results concerning homeomorphisms between smooth manifolds by diffeomor-
phisms in the literature. The obstruction theory originated from the problem of smoothing a
continuous map with good properties or smoothing a combinatorial manifoldM deserves special
attention because it is in the core of differential topology. Such a theory was mainly developed
by Milnor, Thom, Munkres and Hirsch. They found that the obstructions concentrate in certain
homology classes belonging to the homology groups of the combinatorial manifold M relative
to its boundary BM with coefficients in the quotient groups of the orientation-preserving diffeo-
morphisms of the unit spheres Sp modulo the orientation-preserving diffeomorphisms of the unit
balls Bp`1. We refer the reader to [H1, H2, Mi1, M1, M2, M3, Th] for further details concerning
the mentioned foundational obstruction results and to [DP, HM, IKO, MP, Mu] for some recent
developments.
In addition, Milnor [Mi2] discovered two compact polyhedra which are homeomorphic but
not piecewise linearly homeomorphic (a counterexample to the Hauptvermutung). In the case
in which the homeomorphism is semialgebraic the situation is completely different. In fact,
Shiota and Yokoi [ShY] proved, using approximation techniques, that two semialgebraically
homeomorphic compact polyhedra in Rn are also piecewise linearly homeomorphic. In [Sh3]
Shiota improved the previous result and he obtained a PL homeomorphism by a constructive
procedure, involving more sophisticated approximation techniques, that starts from the orig-
inal homeomorphism. He proved that, for any ordered field R equipped with any o-minimal
structure, two definably homeomorphic compact polyhedra in Rn are PL homeomorphic (the
o-minimal Hauptvermutung). Together with the fact that any compact definable set is definably
homeomorphic to a compact polyhedron, he concludes that o-minimal topology is ‘tame’.
1.B. Our approximation results in the semialgebraic setting. The general problem re-
garding approximation of maps in the semialgebraic setting can be stated as follows:
Problem 3. Let S Ă Rm and T Ă Rn be semialgebraic sets and let ℓ, ν P NY t8u be such that
S is locally compact and ℓ ă ν. Is SνpS, T q dense in SℓpS, T q endowed with the Sℓ topology?
It is well-known that the answer is affirmative if the target space is a Sν manifold.
Theorem 4 ([Sh1, I & II]). For each ℓ, ν P N Y t8u with ℓ ă ν, if T is a Sν manifold, then
SνpS, T q is dense in SℓpS, T q.
The reason why the latter result works is that each Sℓ map f : S Ñ T Ă Rn can be Sℓ
approximated by a Sν map g : S Ñ Rn (see [Sh1, II.4.1]) and then one can use a Sν (bent)
tubular neighborhood ρ : U Ñ T of T in Rn (see [Sh1, I.3.5 & II.6.1]) to obtain the desired
approximating map ρ ˝ g. However, an arbitrary semialgebraic set T Ă Rn does not have
Sν tubular neighborhoods in Rn if ν ě 1 (see Example 13 below). It has only S0 tubular
neighborhoods in Rn, provided it is locally compact [DK].
The following example shows that Problem 3 does not have an affirmative solution in general
if ℓ ě 1 and T is not a Sν manifold, even if S is a compact real algebraic manifold and T is a
compact real algebraic set.
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Example 5. Let S Ă Rm be a Nash manifold (for instance a compact real algebraic manifold).
Assume S meets transversally the hyperplane tx1 “ 0u of R
m at a point y0 P S. Let T be the
Nash set
tpx1, . . . , xm, xm`1q P S ˆ R : x
3ℓ`1
1 ´ x
3
m`1 “ 0u,
where ℓ ě 1 is a fixed positive integer. Observe that T is a compact real algebraic set if S is a
compact real algebraic manifold. Choose the integer ν :“ ℓ ` 1 and denote x :“ px1, . . . , xmq.
Observe that T is a Sℓ manifold, but not a Sν manifold. Indeed, S is not Sν smooth locally at
y0. Consider the S
ℓ map f : S Ñ T , x ÞÑ px, x
ℓ`1{3
1 q. Such a map cannot be S
ℓ approximated
by maps in SνpS, T q.
Suppose on the contrary that there exists a Sν map g :“ pg1, . . . , gm, gm`1q : S Ñ T arbitrarily
close to f in the Sℓ topology. The projection π : T Ñ S, px, xm`1q ÞÑ x is a Nash map. By
[BFR, Prop.2.D.1], the homomorphism π˚ : S
ℓpS, T q Ñ SℓpS, Sq, h ÞÑ π ˝ h is continuous
for the Sℓ topologies. Thus, if g is Sℓ close enough to f (and hence S1 close to f), the map
g˚ :“ pg1, . . . , gmq : S Ñ S is a S
ν diffeomorphism (using semialgebraic inverse function theorem
[BCR, Prop.2.9.7]). As gm`1 “ g
ℓ`1{3
1 , it follows that pgm`1 ˝ g
´1
˚ qpxq “ x
ℓ`1{3
1 is a S
ν function
on S, which is a contradiction. Indeed, the function S Ñ R, x ÞÑ x
ℓ`1{3
1 is not S
ν locally at the
point y0 P S. This proves that S
νpS, T q is not dense in SℓpS, T q endowed with the Sℓ topology.
‚
In this paper we deal with Problem 3 in the case ℓ “ 0 and S is compact.
First main result. Our first result gives a complete affirmative solution to the mentioned version
of Problem 3 for ν “ 1. In what follows we indicate }x}n the Euclidean norm of the vector x of
R
n.
Theorem 6. Let S Ă Rm be a compact semialgebraic set and let T Ă Rn be a semialgebraic set.
Then S1pS, T q is dense in S0pS, T q. More precisely, given any n P N, the following assertion
holds: for each f P S0pS,Rnq and each ε ą 0, there exists g P S1pS,Rnq such that gpSq Ă fpSq
and }gpxq ´ fpxq}n ă ε for every x P S.
For an arbitrary positive integer ν ě 2 we obtain density results in two very significant
situations we are going to present.
Second main result. Let us recall the definition of locally Sν polyhedral semialgebraic set, which
represents a polyhedral counterpart of the concept of Sν manifold. Let ν ě 1 be an integer.
A semialgebraic set T Ă Rn is called locally Sν equivalent to a polyhedron, or locally Sν polyhedral
for short, if for each point x P T there exist two open semialgebraic neighborhoods Ux and Vx
of x in Rn, a Sν diffeomorphism φx : Ux Ñ Vx and a compact polyhedron Q of R
n such that
φxpUx X T q “ Vx X Q. The term compact polyhedron of R
n means the realization of a finite
simplicial complex of Rn (see [M4, §2]). The importance of locally Sν polyhedral semialgebraic
sets is that if they are in addition compact, they admit Sν triangulations (see §2.A below).
Our second main result asserts that, if ℓ “ 0, Theorem 4 extends to the case in which the
domain of definition S is compact and the target space T is an arbitrary locally Sν polyhedral
compact semialgebraic set.
Theorem 7. Let S Ă Rm and T Ă Rn be compact semialgebraic sets. If T is locally Sν polyhedral
for some integer ν ě 1, then SνpS, T q is dense in S0pS, T q.
As an immediate consequence we obtain:
Corollary 8. Let S Ă Rm be a compact semialgebraic set and let T Ă Rn be a compact polyhe-
dron. Then SνpS, T q is dense in S0pS, T q for each integer ν ě 1.
Theorem 7 and Corollary 8 are sharp in the sense that they are false if the approximating
maps are Nash, that is, if ν “ 8.
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Example 9. Let S :“ r´1, 1s and T :“ tpx, yq P r´2, 2s ˆ R : x2 ´ y2 “ 0u. Observe that T is
a compact polyhedron and T 1 :“ T X pp´2, 2q ˆ Rq is a Nash set whose irreducible components
are T 1˘ :“ tpx, yq P p´2, 2q ˆR : x˘ y “ 0u. Consider the S
0 map
f : S Ñ T 1 Ă T, t ÞÑ pt, |t|q
and suppose there exists a Nash map g : S Ñ T close to f in the S0 topology of S0pS, T q. Since
g is close to f and fpSq Ă T 1, we may assume gpSq Ă T 1. As S is an irreducible semialgebraic
set in the sense of [FG, §3], the image gpSq Ă T 1 must be an irreducible semialgebraic set [FG,
3.1(iv)], so gpSq must be contained either in T 1` or in T
1
´, which is impossible because g is close
to f and dimpfpSq X T 1˘q “ 1. This proves that N pS, T q is not dense in S
0pS, T q. ‚
A by-product of the argument we will use to prove Theorem 7 is the following.
Corollary 10. Let K be a finite simplicial complex of Rp and let P Ă Rp be the corresponding
compact polyhedron |K|. Then, for each integer ν ě 1, there exists a sequence tινnunPN in
SνpP,P q with the following universal property: if f is a real-valued function in S0pP q such that
f |σ P S
νpσq for each σ P K, then the sequence tf ˝ ινnunPN is contained in S
νpP q and converges
to f in S0pP q. In particular, the sequence tινnunPN converges to the identity map in S
0pP,P q.
Third main result. Consider the compact algebraic curve T :“ ty2 ´ x3p1 ´ xq “ 0u Ă R2. It
has a cusp at the origin, so it is not locally S1 polyhedral. Thus, Theorem 7 does not apply if T
is the target space. However, Problem 3 continues to have an affirmative solution if ℓ “ 0 and
S is compact because T is a Nash set. More precisely, we are able to prove the following result.
Theorem 11. Let S Ă Rm be a compact semialgebraic set and let T be an open semialgebraic
subset of a Nash set Y Ă Rn. Then SνpS, T q is dense in S0pS, T q for each integer ν ě 1.
Theorem 11 is again sharp in the sense that it is false if the approximating maps are Nash,
that is, if ν “ 8: consider the S0 map S Ñ T 1, t ÞÑ pt, |t|q of Example 9 and observe that it
cannot be approximated by Nash maps between S and T 1.
Remark 12. In the statements of Theorems 6, 7 and 11 and of Corollary 8, we may assume that
the Sν approximating maps are S0 homotopic to the original S0 maps. This holds because in
Theorem 6 fpSq is compact and in the remaining results T is locally compact. Hence fpSq and
T admit by [DK] S0 tubular neighborhoods in Rn. ‚
Involved tools. The proofs of Theorems 6 and 7 are based on the use of S1 triangulations of
arbitrary compact semialgebraic sets [OS, Thm.1.1] and Sν triangulations of locally Sν poly-
hedral compact semialgebraic sets [Sh2, Prop.I.3.13 & Rmk.I.3.22] combined with simplicial
approximation of continuous maps between compact polyhedra [M4, Ch.2] and with a ‘shrink-
widen’ approximation technique introduced in Section 3. Corollary 10 is a consequence of such
technique.
The proof of Theorem 11 involves the use of Sν weak retractions that are developed in Section
4. Let M Ă Rm be a Nash manifold and let X Ă M be a Nash normal-crossings divisor. Let
W Ă M be an open semialgebraic neighborhood of X. Sν weak retractions are Sν maps
ρ : W Ñ X that are S0 close to the identity on X. In Proposition 25 we prove the existence
of Sν weak retractions. We combine this tool with a strategy employed in [BR, Lem.2.2] that
involves resolution of singularities. The use of Sν weak retractions instead of usual retractions
is justified by the following example.
Example 13. There exists no S1 retraction from a semialgebraic neighborhood U of T :“ txy “
0u Ă R2 onto T . Suppose that ρ : U Ñ T is such a S1 retraction. As ρ|T is equal to the
identity map idT on T , we deduce that d0ρ “ idR2 . Consequently, there exist open semialgebraic
neighborhoods U1 and U2 of the origin in R
2 such that the restriction ρ|U1 : U1 Ñ U2 Ă T is a
S1 diffeomorphism, which is a contradiction. ‚
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Structure of the article. All basic notions and preliminary results used in this paper are
presented in Section 2. The reader can proceed directly to Section 3 and refer to Section 2 when
needed. In Section 3 we describe our ‘shrink-widen’ approximation technique and we prove
Theorems 6 and 7, and Corollary 10. Section 4 is devoted to the proof of the existence of Sν
weak retractions, that we use in Section 5 to prove Theorem 11.
2. Preliminaries
In this section we introduce many concepts and notations needed in the article. We will
employ the following conventions: M Ă Rm and N Ă Rn are either Nash manifolds or non-
singular algebraic sets. Nash subsets of a Nash manifold or algebraic subsets of Rn are denoted
with X,Y,Z, . . . The semialgebraic sets are denoted with S, T,R, . . . In addition, Sν and Nash
functions on a semialgebraic set are denoted with f, g, h, . . .
Recall some general properties of semialgebraic sets. Semialgebraic sets are closed under
Boolean combinations and, by means of quantifier elimination, they are also closed under pro-
jections. Any set S Ă Rm defined by a first order formula in the language of ordered fields is a
semialgebraic set [BCR, pp. 28, 29]. Thus, the basic topological constructions as the closure of
S, the interior of S and the boundary of S in Rm (denoted by ClpSq, IntpSq and BS respectively)
are semialgebraic if S is. Also images and preimages of semialgebraic sets by semialgebraic maps
are again semialgebraic. The dimension dimpSq of a semialgebraic set S is the dimension of its
Zariski closure in Rm [BCR, §2.8]. The local dimension dimpSxq of S at a point x P ClpSq is the
dimension of U X S for a small enough open semialgebraic neighborhood U of x in Rm. The
dimension of S coincides with the maximum of these local dimensions. For any fixed integer k
the set of points x P S such that dimpSxq “ k is a semialgebraic subset of S. If the function
S Ñ N, x ÞÑ dimpSxq is constant, then S is said to be pure dimensional.
2.A. Simplicial approximation and Sν triangulations. LetK be a finite simplicial complex
of Rp. Given any simplex σ P K, we denote Bdpσq the relative boundary of σ defined as
the union of proper faces of σ and σ0 :“ σ zBdpσq the relative interior of σ, which is equal
to the set of points of σ whose barycentric coordinates are all strictly positive. The sets σ0
are called open simplexes of K. We indicate |K| the subset
Ť
σPK σ of R
p equipped with the
topology inherited from the Euclidean one of Rp. Let K˚ be the set of vertices of K and for
each v P K˚ let Starpv,Kq be the star of v in K, that is, the open neighborhood
Ť
σPK,vPσ σ
0
of v in |K|. For each positive integer k denote Kpkq the kth-iterated barycentric subdivision
of K. If we fix ε ą 0 and pick k large enough, then every simplex τ P Kpkq has diameter
diamppτq :“ maxx,yPτt}x´ y}pu ă ε (see [Mu, Thm.15.4]).
Let L be a finite simplicial complex of some Rq and let g : K˚ Ñ L˚ be a map between the
sets of vertices of K and L satisfying the following condition: if v1, . . . , vr are vertices of K that
span a simplex of K, then gpv1q, . . . , gpvrq are vertices of L that span a simplex of L. Then, g
extends uniquely to a continuous map from |K| to |L| whose restriction to each simplex σ of K
is the restriction to σ of an affine map Rp Ñ Rq. We denote this extension again g : |K| Ñ |L|
and we say that g is a simplicial map. Let f : |K| Ñ |L| be a continuous map. A simplicial
map g : |K| Ñ |L| is called a simplicial approximation of f if fpStarpv,Kqq Ă Starpgpvq, Lq for
each vertex v P K˚. If g is a simplicial approximation of f , then for each x P |K| there exists
ξx P L such that tgpxq, fpxqu Ă ξx, so }gpxq ´ fpxq}q ď diamqpξxq (see [Mu, Cor.14.2]). The
finite simplicial approximation theorem [Mu, Thm.16.1] assures that: given a continuous map
f : |K| Ñ |L|, there exists a positive integer k and a simplicial approximation g : |Kpkq| Ñ |L|
of f .
Theorem 14 ([Mu, §14, 15 & 16]). Let K and L be two finite simplicial complexes and let
f : |K| Ñ |L| be a continuous map. Suppose |L| Ă Rq. Then, for each ε ą 0, there exist two
positive integers k, ℓ and a simplicial map g : |Kpkq| Ñ |Lpℓq| such that }gpxq ´ fpxq}q ă ε for
each x P |Kpkq| “ |K|.
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Proof. Choose an integer ℓ ě 1 such that diamqpξq ă ε for each ξ P L
pℓq. Now, apply the finite
simplicial approximation theorem to the continuous function f : |K| Ñ |Lpℓq| “ |L| and the
proof is concluded. 
In the semialgebraic setting we have the following triangulation result, see [BCR, Thm.9.2.1
& Rmk.9.2.3.a)].
Theorem 15. Given any compact semialgebraic set S Ă Rm, there exist a finite simplicial
complex K and a semialgebraic homeomorphism Φ : |K| Ñ S. In addition, for each σ P K
the set Φpσ0q Ă Rm is a Nash manifold and the restriction Φ|σ0 : σ
0 Ñ Φpσ0q is a Nash
diffeomorphism.
Recently Ohmoto and Shiota proved a remarkable global S1 version of the latter theorem.
We state their result in the compact case only, see [OS, Thm.1.1].
Theorem 16. Given any compact semialgebraic set T Ă Rn, there exist a finite simplicial
complex L and a semialgebraic homeomorphism Ψ : |L| Ñ T such that Ψ P S1p|L|, T q.
It is not known if the semialgebraic homeomorphism Ψ can be chosen of class C2 (see [OS,
Sect.1]). However, for a locally Sν polyhedral semialgebraic set we have in addition the following
result, see [Sh2, Prop.I.3.13 & Rmk.I.3.22].
Theorem 17. Let T Ă Rn be a compact semialgebraic set. If T is locally Sν polyhedral for some
integer ν ě 1, then there exist a finite simplicial complex L and a semialgebraic homeomorphism
Ψ : |L| Ñ T such that the restriction of Ψ to ξ belongs to Sνpξ, T q for each ξ P L.
2.B. Spaces of differentiable semialgebraic maps. We will make use in the proof of The-
orem 11 of the following result [BFR, Prop.2.D.1].
Proposition 18. Let S Ă Rm and T Ă Rn be locally compact semialgebraic sets, let ν P N and
let f : T Ñ T 1 Ă Rp be an Sν map between semialgebraic sets. Then the map
f˚ : S
νpS, T q Ñ SνpS, T 1q, g ÞÑ f ˝ g
is continuous for the Sν topologies.
The proof of the previous result proposed in [BFR] presents some difficulties concerning the
extension of Sν maps whose target is an open subset of an affine space. The proof for the case
ν “ 0, which is the one we need in this paper, is easily arranged and presented next. The proof
for the general case is more involved and we include it in Appendix A.
Proof of Proposition 18 for ν “ 0. As S Ă Rm is locally compact it is closed in some open
semialgebraic set U Ă Rm. By [DK] we may assume after shrinking U that there exists a S0
retraction τ : U Ñ S. Since T is locally compact, it is closed in some open semialgebraic set
V Ă Rn and there exists a semialgebraic S0 map F : V Ñ Rp that extends f . We have the
following commutative diagram:
S0pS, T q
f˚ //
 _
j

S0pS, T 1q _
j1

S0pS, V q
F˚ // S0pS,Rpq
S0pU, V q
ρ1
U
OO
F˚ // S0pU,Rpq
ρU
OO
where j and j1 stand for the canonical embeddings and ρU and ρ
1
U for the restriction homomor-
phisms. First we explore the lower square. We know that the lower F˚ is continuous (it is the
DIFFERENTIABLE APPROXIMATION OF CONTINUOUS SEMIALGEBRAIC MAPS 9
Nash manifolds case [Sh1, II.1.5, p. 83]), hence the composition ρU ˝ F˚ is continuous too. The
latter map coincides with F˚˝ρ
1
U , which is thus continuous. The retraction τ : U Ñ S guarantees
that ρ1U is a surjective map. As the target space V is an open semialgebraic subset of an affine
space, ρ1U is an open quotient map by [BFR, §2.C-D], hence the middle F˚ is continuous. Now
we turn to the upper square. As we have seen that F˚ is continuous, the composition F˚ ˝ j is
continuous. But this map coincides with j1 ˝ f˚, which is consequently continuous. As j
1 is a
homeomorphism onto its image, f˚ is continuous. 
2.C. Sets of regular and singular points of a semialgebraic set. Let Z Ă Cn be a complex
algebraic set and let ICpZq be the ideal of all polynomials F P Crxs such that F pzq “ 0 for each
z P Z. A point z P Z is regular if the localization of the polynomial ring Crxs{ICpZq at the
maximal ideal Mz associated to z is a regular local ring. In this complex setting the Jacobian
criterion and Hilbert’s Nullstellensatz imply that z P Z is regular if and only if there exists an
open neighborhood U Ă Cn of z such that U X Z is an analytic manifold. We denote RegpZq
the set of regular points of Z and it is an open dense subset of Z. If Z is irreducible, it is pure
dimensional and RegpZq is a connected analytic manifold. In case Z is not irreducible, then
the connected components of RegpZq are finitely many analytic manifolds (possibly of different
dimensions).
Let X Ă Rn be a (real) algebraic set and let IRpXq be the ideal of all polynomials f P Rrxs
such that fpxq “ 0 for each x P X. A point x P X is regular if the localization of Rrxs{IRpXq
at the maximal ideal mx associated to x is a regular local ring [BCR, §3.3]. In addition, x P X
is smooth if there exists an open neighborhood U Ă Rn such that U XX is a Nash manifold. It
holds that each regular point is a smooth point, but in the real case the converse is not always
true as it shows the following example.
Example 19. Let X :“ tpx2 ` y2qxz ´ y4 “ 0u Ă R3. The set of regular points of X is
RegpXq “ Xztx “ 0, y “ 0u. However, the set of smooth points of X is Xzt0u. To prove this
fact it suffices to observe that the maps ϕε : tpt, sq P R
2 : t ą 0u Ñ R3 for ε “ ˘1 defined by
ϕεps, tq :“ εpps
2 ` t2qs2, ps2 ` t2qst, t4q
are Nash embeddings, whose images cover the difference Xztz “ 0u. It follows that each point
p0, 0, aq P X with a ‰ 0 is smooth. ‚
Let rX Ă Cn be the complex algebraic set that is the zero set of the extended ideal IRpXqCrxs.
We call rX the complexification of X. The ideal ICp rXq coincides with the ideal IRpXq bR C, sorX is the smallest complex algebraic subset of Cn that contains X and
Crxs{ICp rXq – pRrxs{IRpXqq bR C.
It holds that the localization pRrxs{IRpXqqmx is a regular local ring if and only so is its com-
plexification
pRrxs{IRpXqqmx bR C – pCrxs{ICp rXqqMx .
Consequently, the set of regular points of X is RegpXq “ Regp rXq X X and its set of singular
points is SingpXq :“ XzRegpXq. The connected components of the open subset RegpXq of X
is a finite union of Nash manifolds (possibly of different dimensions).
We turn out next to Nash sets. Let X Ă Rn be a Nash set. A point x P X is regular if the
localization N pXqnx at the maximal ideal nx of N pXq associated to x is a regular local ring.
Denote RegpXq the set of regular points of X. Again a point x P X is smooth if there exists an
open neighborhood U Ă Rn of x such that U XX is a Nash manifold. As before each regular
point is a smooth point but Example 19 shows that the converse is not true in general. The
Nash set X Ă Rn is said to be non-singular if X “ RegpXq. Assume that X is irreducible.
It holds that X is a non-singular Nash set if and only if it is a connected Nash manifold [Sh1,
Def.II.1.12 and Prop.II.5.6]. Alternatively, this can be shown as an application of Artin-Mazur’s
Theorem [BCR, Thm.8.4.4].
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A natural question arises when confronting the definitions of regular point of a real algebraic
set X Ă Rn from the algebraic and Nash viewpoints. Using the properties of completions and
henselization [ABR, Prop. VII.2.2 and Prop. VII.3.1] one shows that a point x P X is regular
from the algebraic point of view if and only if it is regular from the Nash point of view.
Note in addition that if the irreducible components of a Nash set X are non-singular, then a
point x P X is regular if and only if it is smooth.
2.D. Desingularization of algebraic sets. Let X Ă Y Ă Rn be algebraic sets such that Y is
non-singular. Recall that X is a normal-crossings divisor of Y if for each point x P X there exists
a regular system of parameters x1, . . . , xd such that X is given in a Zariski neighborhood of x in
Y by the equation x1 ¨ ¨ ¨ xk “ 0 for some k “ 1, . . . , d. In particular, the irreducible components
of X are non-singular and have codimension 1 in Y . A map f :“ pf1, . . . , fnq : Z Ñ R
n on a
(non-empty) subset Z of Rm is said to be regular if its components are quotients of polynomials
fk :“
gk
hk
such that Z X thk “ 0u “ ∅.
The following is a version of Hironaka’s desingularization theorems [Hi] we will use fruitfully
in the sequel.
Theorem 20 (Desingularization). Let X Ă Rn be an algebraic set. Then there exist a non-
singular algebraic set X 1 Ă Rm and a proper regular map φ : X 1 Ñ X such that φ´1pSingpXqq
is a normal-crossings divisor of X 1 and
φ|X1zφ´1pSingpXqq : X
1zφ´1pSingpXqq Ñ XzSingX
is a Nash diffeomorphism whose inverse map is regular.
Remark 21. If X is pure dimensional, XzSingX “ RegpXq is dense in X. Consequently, as
φ is proper, φ is also surjective. Furthermore X 1 is a real algebraic manifold, that is, it is
non-singular and pure dimensional. ‚
3. Proof of Theorems 6 and 7
The purpose of this section is to prove Theorems 6 and 7, and Corollary 10. We begin
developing our tools to approach those proofs.
3.A. The ‘shrink-widen’ covering and approximation lemmas. Let σ be a simplex of Rp,
let σ0 be the simplicial interior of σ and let bσ be the barycenter of σ. Given ε P p0, 1q denote
hε : R
p Ñ Rp, x ÞÑ bσ ` p1 ´ εqpx ´ bσq the homothety of R
p of center bσ and ratio 1 ´ ε. We
define the p1 ´ εq-shrinking σ0ε of σ
0 by σ0ε :“ hεpσ
0q. Observe that Clpσ0εq “ hεpσq Ă σ
0 for
every ε P p0, 1q and σ0ε tends to σ0 when ε Ñ 0. In addition, σ
0 “
Ť
εPp0,1q σ
0
ε and σ
0
ε2
Ă σ0ε1 if
0 ă ε1 ď ε2 ă 1.
We fix the following notations for the rest of the subsection. Let S Ă Rm be a compact semi-
algebraic set, let K be a finite simplicial complex of Rp and let Φ : |K| Ñ S be a semialgebraic
homeomorphism such that for each open simplex σ0 of K the set Φpσ0q Ă Rm is a Nash manifold
and the restriction Φ|σ0 : σ
0 Ñ Φpσ0q is a Nash diffeomorphism. Define K0 :“ tΦpσ0quσPK and
K :“ tΦpσquσPK . To lighten the notation the elements of K will be denoted with the letters
s, t, . . . while those of K0 with the letters s0, t0, . . . in such a way that Clps0q “ s and s0 is
the interior of s as a semialgebraic manifold-with-boundary. In other words, if s “ Φpσq, then
s
0 “ Φpσ0q. Moreover, we indicate s0ε the shrinking of s
0 “ Φpσ0q corresponding to σ0ε via Φ,
that is, s0ε :“ Φpσ
0
εq.
Consider a Nash tubular neighborhood ρ
s0
: T
s0
Ñ s0 of s0 in Rm and the family of open
semialgebraic sets T
s0,δ :“ tx P Ts0 : }x´ ρs0pxq}m ă δu where δ ą 0. We write s
0
ε,δ to denote
the δ-widening of s0ε with respect to ρs0 , which is the open neighborhood s
0
ε,δ :“ pρs0q
´1ps0εqXTs0,δ
of s0ε in R
m. If C is a closed subset of Rm such that C X Clps0εq “ ∅, there exists δ ą 0 such
DIFFERENTIABLE APPROXIMATION OF CONTINUOUS SEMIALGEBRAIC MAPS 11
that C X Clps0ε,δq “ ∅. Denote ρs0,ε,δ :“ ρs0|s0ε,δ
: s0ε,δ X S Ñ s
0
ε the Nash retraction obtained
restricting ρs0 from s
0
ε,δ X S to s
0
ε.
Lemma 22. Fix δ ą 0. Then, for each s0 P K0 there exist a non-empty open semialgebraic
subset V
s0
of s0 (a ‘shrinking’ of s0), an open semialgebraic neighborhood U
s0
of V
s0
in S (a
‘widening’ of V
s0
) satisfying V
s0
“ U
s0
X s0 and a Nash retraction r
s0
: U
s0
Ñ V
s0
such that:
(i) tU
s0
u
s0PK0 is an open covering of S.
(ii) ClpU
s0
q X t “ H for each pair ps0, tq P K0 ˆK satisfying s0 X t “ H.
(iii) supxPU
s0
t}x´ r
s0
pxq}mu ă δ for each s
0 P K0.
Proof. Write d :“ dimpSq and K0e :“ ts
0 P K0 : dimps0q ď eu for e “ 0, . . . , d. Let us prove by
induction on e P t0, 1, . . . , du that for each s0 P K0e there exist an open semialgebraic subset U
e
s0
of S and a Nash retraction re
s0
: U e
s0
Ñ V e
s0
:“ U e
s0
X s0 ‰ H such that:
(1)
Ť
s0PK0e
s
0 Ă
Ť
s0PK0e
U e
s0
.
(2) ClpU e
s0
q X t “ H for each pair ps0, tq P K0e ˆK satisfying s
0 X t “ H.
(3) supxPUe
s0
t}x´ re
s0
pxq}mu ă δ for each s
0 P K0e.
Obsviously, the sets U
s0
:“ Ud
s0
and the maps r
s0
:“ rd
s0
with s0 P K0d “ K
0 will be the desired
open semialgebraic sets and Nash retractions.
Consider first the case e “ 0. Choose δ1 P p0, δq such that the open ball Bpv, 2δ1q of Rm of
center v and radius 2δ1 does not meet
Ť
tPK,vRt t for each tvu P K
0
0. Take U
0
tvu :“ Bpv, δ
1q X S,
V 0tvu :“ tvu and r
0
tvu : U
0
tvu Ñ V
0
tvu, x ÞÑ v the constant map for each tvu P K
0
0.
Fix e P t0, . . . , d´ 1u and suppose that the assertion is true for such an e. As
Cσ :“ σzΦ
´1
´ ď
τPK,τĂBdpσq
U eΦpτ0q
¯
is a compact subset of σ0 “
Ť
εPp0,1q σ
0
ε , there exists ε P p0, 1q such that Cσ Ă σ
0
ε for each σ P K
of dimension e` 1. We haveŤ
s0PK0e`1
s
0 Ă
Ť
s0PK0e
U e
s0
Y
Ť
s0PK0e`1zK
0
e
s
0
ε.
If ps0, tq P pK0e`1zK
0
eq ˆK satisfies s
0 X t “ H, then Clps0εq X t “ ∅ because Clps
0
εq Ă s
0. Pick
δ1 P p0, δq such that Clps0ε,δ1 X Sq X t “ H for each pair ps
0, tq P pK0e`1zK
0
eq ˆ K satisfying
s
0 X t “ H. For each s0 P K0e`1 define:
‚ V e`1
s0
:“ V e
s0
, U e`1
s0
:“ U e
s0
and re`1
s0
:“ re
s0
if s0 P K0e, and
‚ V e`1
s0
:“ s0ε, U
e`1
s0
:“ s0ε,δ1 X S and r
e`1
s0
:“ ρ
s0,ε,δ1 if s
0 P K0e`1zK
0
e (recall that the
retraction ρ
s0,ε,δ1 was defined above the statement of this lemma).
The open semialgebraic sets U e`1
s0
, the non-empty semialgebraic sets V e`1
s0
and the retractions
re`1
s0
: U e`1
s0
Ñ V e`1
s0
for s0 P K0e`1 satisfy conditions p1q to p3q, as required. 
As a consequence of the previous result we obtain the following approximation lemma.
Lemma 23. Let L be a finite simplicial complex of Rq, let g P S0pS, |L|q and let ν ě 1 be a
positive integer. Suppose that for each t P K the restriction g|
t0
belongs to Sνpt0, |L|q and there
exists ξt P L such that gptq Ă ξt. Fix η ą 0. Then there exists h P S
νpS, |L|q with the following
properties:
(i) For each t P K, there exists an open semialgebraic neighborhood Wt of t in S such that
hpWtq Ă ξt.
(ii) }hpxq ´ gpxq}q ă η for each x P S.
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Proof. As g is uniformly continuous, there exists δ ą 0 such that
}gpxq ´ gpx1q}q ă η for each pair x, x
1 P S satisfying }x´ x1}m ă δ. (1)
By Lemma 22 for each s0 P K0 there exist an open semialgebraic subset Us0 of S with Vs0 :“
Us0 X s
0 ‰ H and a Nash retraction rs0 : Us0 Ñ Vs0 such that tUs0us0PK0 is a covering of S
satisfying:
ClpU
s0
q X t “ H for each pair ps0, tq P K0 ˆK satisfying s0 X t “ H and (2)
supxPU
s0
t}x´ r
s0
pxq}mu ă δ for each s
0 P K0. (3)
Let tθ
s0
: S Ñ r0, 1su
s0PK0 be a S
ν partition of unity subordinated to the finite open semial-
gebraic covering tU
s0
u
s0PK0 of S. For each s
0 P K0, the semialgebraic map
g ˝ r
s0
: U
s0
Ñ V
s0
Ă s0 Ă sÑ ξs, x ÞÑ rs0pxq ÞÑ gprs0pxqq
is Sν , so also the semialgebraic map H
s0
: S Ñ Rq defined by
Hs0pxq :“
#
θ
s0
pxq ¨ gpr
s0
pxqq if x P U
s0
,
0 if x P SzUs0 ,
belongs to SνpS,Rqq. Consider the Sν map H :“
ř
s0PK0 Hs0 : S Ñ R
q.
Fix t P K and define Wt :“ Sz
Ť
s0PK0, s0Xt“HClpUs0q, which is by (2) an open semialgebraic
neighborhood of t in S. We claim: HpWtq Ă ξt.
Pick x PWt. If s
0 P K0 and s0Xt “ H, then θ
s0
pxq “ 0 because the support of θ
s0
is contained
in U
s0
and x R ClpU
s0
q. If s0 X t ‰ H, then s0 Ă t, so we concludeÿ
s
0PK0, s0Ăt,
xPU
s0
θ
s0
pxq “ 1 and (4)
Hpxq “
ÿ
s
0PK0, s0Ăt,
xPU
s0
θ
s0
pxqgpr
s0
pxqq. (5)
If s0 P K0 satisfies s0 Ă t and x P U
s0
, then r
s0
pxq P V
s0
Ă s0, so gpr
s0
pxqq P ξt. As ξt is a
convex set and each gpr
s0
pxqq P ξt if s
0 Ă t and x P U
s0
, we conclude by means of (4) and (5)
that Hpxq P ξt. Consequently, HpWtq Ă ξt as claimed.
As S “
Ť
tPK t “
Ť
tPKWt, we deduce HpSq is contained in |L| and h : S Ñ |L|, x ÞÑ Hpxq is
an Sν map that satisfies property (i).
It remains to show that property (ii) holds for h. Pick x P S and observe thatÿ
s0PK0, xPU
s0
θ
s0
pxq “ 1.
Using inequalities (1) and (3) we deduce
}hpxq ´ gpxq}q “
››› ÿ
s0PK0, xPU
s0
θ
s0
pxq
`
gpr
s0
pxqq ´ gpxq
˘›››
q
ď
ď
ÿ
s0PK0, xPU
s0
θ
s0
pxq}gpr
s0
pxqq ´ gpxq}q ă η,
as required. 
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3.B. Proof of Theorem 7. Let f : S Ñ T be a S0 map between compact semialgebraic sets
S Ă Rm and T Ă Rn. Suppose T is locally Sν polyhedral for some integer ν ě 1. By Theorem
15 there exist a finite simplicial complex K and a semialgebraic homeomorphism Φ : |K| Ñ S
such that the restriction Φ|σ0 : σ
0 Ñ Φpσ0q is a Nash diffeomorphism for each open simplex
σ0 of K. Define K :“ tΦpσquσPK and K
0 :“ tΦpσ0quσPK . Similarly, Theorem 17 implies the
existence of a finite simplicial complex L and a semialgebraic homeomorphism Ψ : |L| Ñ T such
that Ψ|ξ P S
νpξ, T q for each ξ P L. Suppose the realization |L| of L belongs to Rq.
Choose an arbitrary ε ą 0. We will prove the existence of a map H P SνpS, T q such that
}Hpxq ´ fpxq}n ă ε for each x P S.
By the uniform continuity of Ψ, there exists δ ą 0 such that
}Ψpzq ´Ψpz1q}n ă ε for each pair z, z
1 P |L| satisfying }z ´ z1}q ă δ. (6)
Consider the S0 map F :“ Ψ´1 ˝ f ˝ Φ : |K| Ñ |L|. By Theorem 14 we know that after
replacing K and L by suitable iterated barycentric subdivisions there exists a simplicial map
F ˚ : |K| Ñ |L| such that
}F ˚pyq ´ F pyq}q ă δ{2 for each y P |K|. (7)
Define the S0 maps g :“ Ψ´1 ˝ f “ F ˝ Φ´1 : S Ñ |L| and g˚ :“ F ˚ ˝ Φ´1 : S Ñ |L|. For each
t P K the restriction Φ´1|
t0
: t0 Ñ Φ´1pt0q is a Nash diffeomorphism. Thus, as F ˚|Φ´1pt0q is an
affine map, g˚|
t0
P Sνpt0, |L|q. Moreover, there exists ξt P L such that g
˚ptq Ă ξt. By (7) we
have:
}g˚pxq ´ gpxq}q ă δ{2 for each x P S. (8)
The following commutative diagram summarizes the situation we have achieved until the mo-
ment.
S
f //
g
  ❆
❆❆
❆❆
❆❆
❆❆
❆❆
❆❆
❆❆
❆❆
g˚
  ❆
❆❆
❆❆
❆❆
❆❆
❆❆
❆❆
❆❆
❆❆
T
|K|
Φ –
OO
F //
F˚
// |L|
Ψ–
OO
ξ?
_oo
+ K
Ψ|ξ
XX✶✶✶✶✶✶✶✶✶✶✶✶✶
Now, we approximate g˚ by a suitable Sν map h˚ between S and |L| that will provide, after
composing with Ψ, the required approximating Sν map H :“ Ψ ˝ h˚ : S Ñ T .
Indeed, by Lemma 23 there exist h˚ P SνpS, |L|q and for each t P K an open semialgebraic
neighborhood Wt of t in S satisfying:
h˚pWtq Ă ξt for each t P K and (9)
}h˚pxq ´ g˚pxq}q ă δ{2 for each x P S. (10)
We define H :“ Ψ ˝ h˚ : S Ñ T and claim: H P SνpS, T q.
Recall that tWtutPK is an open semialgebraic covering of S. Thanks to (9) the restriction
h˚|Wt : Wt Ñ ξt is a well-defined S
ν map for each t P K. In addition, H|Wt “ Ψ|ξt ˝ h
˚|Wt .
As both Ψ|ξt and h
˚|Wt are S
ν maps, H|Wt is also a S
ν map. Consequently, H P SνpS, T q, as
claimed.
Next, by (8) and (10) we have
}h˚pxq ´ gpxq}q ă δ for each x P S.
Combining the latter inequality with (6), we conclude
}Hpxq ´ fpxq}n “ }Ψph
˚pxqq ´Ψpgpxqq}n ă ε for each x P S,
as required. 
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3.C. Proof of Theorem 6. Let S and Φ : |K| Ñ S be as above. Consider a S0 map f :
S Ñ Rn and define T :“ fpSq. By Theorem 16 there exist a finite simplicial complex L and a
semialgebraic homeomorphism Ψ : |L| Ñ T such that Ψ P S1p|L|, T q. Repeating the preceding
argument with ν “ 1, we obtain that for every ε ą 0 there exists H P S1pS, T q such that
}Hpxq ´ fpxq}n ă ε. 
3.D. Proof of Corollary 10. Let K and P Ă Rp satisfy the conditions in the statement.
Apply Lemma 23 to S :“ P , Φ :“ idP , L :“ K, g :“ idP and η :“ 2
´n for each n P N. We
obtain a map ινn P S
νpP,P q and an open semialgebraic neighborhood Wσ of σ in P for each
σ P K such that:
‚ ινnpWσq Ă σ for each σ P K and
‚ }x´ ινnpxq}m ă 2
´n for each x P S.
Thus, the sequence tινnun converges to the identity map in S
0pP,P q. Consequently, if f P S0pP q,
the sequence tf ˝ ινnunPN converges to f in S
0pP q. In addition, if f |σ P S
νpσq for each σ P K,
each function f ˝ ινn is an S
ν function because so is the restriction pf ˝ ινnq|Wσ “ f |σ ˝ ι
ν
n|Wσ for
each σ P K, as required. 
4. Sν weak retractions
In this section we construct Sν weak retractions ρ : W Ñ X of open semialgebraic neighbor-
hoods W of a Nash normal-crossings divisor X of a Nash manifold M (Proposition 25). Recall
that Sν weak retractions ρ : W Ñ X are Sν maps that are close to the identity on X in the S0
topology. Their construction requires a preliminary result concerning compatible Nash retrac-
tions (Proposition 24), which is of independent interest. The Sν weak retractions will be used
in Section 5 to prove Theorem 11.
4.A. Compatible Nash retractions. Let M Ă Rm be a d-dimensional Nash manifold and let
X be a Nash subset of M . We say that X is a Nash normal-crossings divisor of M if:
‚ for each point x P X there exists an open semialgebraic neighborhood U ĂM of x and
a Nash diffeomorphism ϕ :“ px1, . . . , xdq : U Ñ R
d such that ϕpxq “ 0 and ϕpX X Uq “
tx1 ¨ ¨ ¨ xr “ 0u for some r “ 1, . . . , d, and
‚ the (Nash) irreducible components of X are Nash manifolds (of dimension d´ 1).
Assume in the following that X is a Nash normal-crossings divisor of M . For each ℓ ě 2
define inductively SingℓpXq :“ SingpSingℓ´1pXqq and Sing1pXq :“ SingpXq. The irreducible
components of SingℓpXq are Nash manifolds for each ℓ ě 1 such that SingℓpXq ‰ ∅. In fact, if
Yℓ,1, . . . , Yℓ,sℓ are the irreducible components of SingℓpXq, then Singℓ`1pXq “
Ť
i‰jpYℓ,i X Yℓ,jq.
For simplicity we write Sing0pXq “ X and Sing´1pXq “M .
We claim: If SingℓpXq ‰ ∅, then dimpSingℓpXqq “ d´ ℓ´ 1.
Proof. The cases ℓ “ ´1, 0 are evident. Assume ℓ ě 1: As dimpXq “ d´1 and dimpSingkpXqq ă
dimpSingk´1pXqq, if SingℓpXq ‰ ∅, then dimpSingℓpXqq ď d´ ℓ´ 1. Pick a point x P SingℓpXq.
Let U Ă M be an open semialgebraic neighborhood of x endowed with a Nash diffeomorphism
ϕ :“ px1, . . . , xdq : U Ñ R
d such that ϕpxq “ 0 and ϕpU X Xq “ tx1 ¨ ¨ ¨ xα “ 0u for some
α “ 1, . . . , d. Observe that tx1 “ 0, . . . , xα “ 0u Ă ϕpSingℓpXqXUq, so d´α ď dimpSingℓpXqq ď
d ´ ℓ ´ 1, that is, ℓ ` 1 ď α. Now, one proves inductively that tx1 “ 0, . . . , xℓ “ 0u and
tx2 “ 0, . . . , xℓ`1 “ 0u are contained in ϕpSingℓ´1pXq X Uq, so tx1 “ 0, . . . , xℓ`1 “ 0u Ă
ϕpSingℓpXq X Uq and dimpSingℓpXqq ě d´ ℓ´ 1. 
We assume that M is irreducible, that is, it is a connected Nash manifold. Let r ě 0 be such
that SingrpXq ‰ ∅ but Singr`1pXq “ ∅. Let Z be an irreducible component of SingtpXq ‰ ∅
for some 0 ď t ď r. A Nash retraction ρ : W Ñ Z, where W Ă M is an open semialgebraic
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neighborhood of Z, is compatible with X if ρpXiXW q “ XiXZ for each irreducible component
Xi of X such that Xi X Z ‰ ∅.
Proposition 24 (Compatible Nash retractions). There exist an open semialgebraic neighborhood
W Ă M of Z and a Nash retraction ρ : W Ñ Z that is compatible with X. In addition,
ρpY XW q “ Y X Z for each irreducible component Y of SingℓpXq where ℓ ě 1.
Proof. Fix ℓ ě 0 such that SingℓpXq ‰ ∅ and let Y be one of its irreducible components. As X is
a Nash normal-crossings divisor of M , the intersection Y XZ is a Nash manifold. If Y XZ ‰ ∅,
we consider an open tubular semialgebraic neighborhood NY Ă R
m of Y X Z endowed with a
Nash retraction ρY : NY Ñ Y XZ, see [BCR, 8.9.5]. AssumeNY XNY 1 “ ∅ if Y
1 is an irreducible
component of SingℓpXq such that Y
1 X Z ‰ ∅ and Y X Y 1 X Z “ ∅. Denote Yℓ,1, . . . , Yℓ,sℓ the
irreducible components of SingℓpXq for each ´1 ď ℓ ď r. In particular,M “ Sing´1pXq “ Y´1,1.
Claim: There exist open semialgebraic neighborhoods
W´1 ĂW0 Ă ¨ ¨ ¨ ĂWℓ ĂWℓ`1 Ă ¨ ¨ ¨ ĂWr
of Z in M such that Yℓ,jXWℓ “ ∅ if Yℓ,jXZ “ ∅ and Nash retractions ρℓ,j : Yℓ,jXWℓ Ñ Yℓ,jXZ
whenever Yℓ,j X Z ‰ ∅ satisfying the following compatibility conditions:
ρℓ,j1|Yℓ,j1XYℓ,j2XWℓ “ ρℓ,j2|Yℓ,j1XYℓ,j2XWℓ if 1 ď j1, j2 ď sℓ, (11)
ρℓ,j|Yℓ1,kXWℓ “ ρℓ1,k|Yℓ1,kXWℓ for each ℓ
1, k, j such that Yℓ1,k Ă Yℓ,j. (12)
Assume the Claim proved for a while. DefineW :“ W´1 ĂM , which is an open semialgebraic
neighborhood of Z, and ρ :“ ρ´1,1 : W “ Y´1,1 XW Ñ Z, which is a Nash retraction such that
ρpXi XW q “ Xi X Z for each irreducible component Xi of X satisfying Xi X Z ‰ ∅, that is,
ρ is compatible with X. In addition, ρpY XW q “ Y X Z for each irreducible component Y of
SingℓpXq where ℓ ě 1. Thus, we are reduced to prove the Claim above by inverse induction on
ℓ.
Step 1: If ℓ “ r, then Singr`1pXq “ ∅, so SingrpXq is a Nash manifold and its irreducible
components Yr,j are its connected components. Define Wr :“ Mz
Ť
Yr,jXZ“∅
Yr,j. We claim: if
Yr,j X Z ‰ ∅, it holds Yr,j Ă Z.
Pick a point x P Yr,j X Z. Let U ĂM be an open semialgebraic neighborhood of x endowed
with a Nash diffeomorphism ϕ :“ px1, . . . , xdq : U Ñ R
d such that ϕpxq “ 0 and ϕpU X Xq “
tx1 ¨ ¨ ¨ xα “ 0u for some α “ 1, . . . , d. Both ϕpU X Zq and ϕpU X Yr,jq are linear coordinate
varieties contained in tx1 ¨ ¨ ¨ xα “ 0u that contain the linear coordinate variety tx1 “ 0, . . . , xα “
0u. As Singr`1pXq “ ∅, we deduce α “ r`1 and ϕpUXYr,jq “ tx1 “ 0, . . . , xα “ 0u Ă ϕpUXZq.
Therefore, U X Yr,j Ă U X Z and by the identity principle Yr,j Ă Z, because Yr,j is irreducible.
Consequently, we define in this case ρr,j :“ idYr,j .
Step 2: Assume the Claim true for ℓ` 1, . . . , r and let us check that it is also true for ℓ.
We have SingpSingℓpXqq “ Singℓ`1pXq and the irreducible components of the set Singℓ`1pXq
are denoted Yℓ`1,1, . . . , Yℓ`1,sℓ`1 . By induction hypothesis there exist an open semialgebraic
neighborhood Wℓ`1 Ă M of Z such that Yℓ`1,k X Wℓ`1 “ ∅ if Yℓ`1,k X Z “ ∅ and Nash
retractions ρℓ`1,k : Yℓ`1,k XWℓ`1 Ñ Yℓ`1,k X Z if Yℓ`1,k X Z ‰ ∅ satisfying:
ρℓ`1,k1|Yℓ`1,k1XYℓ`1,k2XWℓ`1 “ ρℓ`1,k2 |Yℓ`1,k1XYℓ`1,k2XWℓ`1 if 1 ď k1, k2 ď sℓ`1, (13)
ρℓ`1,k|Yℓ1,iXWℓ`1 “ ρℓ1,i|Yℓ1,iXWℓ`1 for each ℓ
1, i, k such that Yℓ1,i Ă Yℓ`1,k. (14)
Pick j “ 1, . . . , sℓ such that Yℓ,j X Z ‰ ∅. If Yℓ,j Ă Z, we take ρℓ,j :“ idYℓ,j and we are done,
so let Jℓ :“ tj “ 1, . . . , sℓ : Yℓ,j X Z ‰ ∅ and Yℓ,j Ć Zu and assume j P Jℓ.
We claim: Yℓ,j X Z is a Nash manifold of dimension d´ ℓ
˚ ´ 1 for some ℓ` 1 ď ℓ˚ ď r and
it is a union of irreducible components of Singℓ˚pXq Ă Singℓ`1pXq.
16 JOSE´ F. FERNANDO AND RICCARDO GHILONI
As X is a Nash normal-crossings divisor of M , the intersection Yℓ,j X Z is a Nash manifold.
Pick a point x P Yℓ,j X Z. Let U Ă M be an open semialgebraic neighborhood of x endowed
with a Nash diffeomorphism ϕ : U Ñ Rd such that ϕpxq “ 0 and ϕpU XXq “ tx1 ¨ ¨ ¨ xα “ 0u as
above. Both ϕpUXZq and ϕpUXYℓ,jq are linear coordinate varieties contained in tx1 ¨ ¨ ¨ xα “ 0u
that contain the linear coordinate variety tx1 “ 0, . . . , xα “ 0u.
Assume ϕpU X Zq “ tx1 “ 0, . . . , xβ “ 0u and ϕpU X Yℓ,jq “ tx1 “ 0, . . . , xγ “ 0, xβ`1 “
0, . . . , xβ´γ`ℓ`1 “ 0u for some γ ď β ď α and β ´ γ ` ℓ ` 1 ď α. Define ℓ
˚ :“ β ´ γ ` ℓ. We
have γ ă β because Yℓ,j Ć Z, so ℓ` 1 ď ℓ
˚. As
ϕpU X Yℓ,j X Zq “ tx1 “ 0, . . . , xℓ˚`1 “ 0u,
we deduce Yℓ,j X Z is a union of irreducible components of Singℓ˚pXq, as claimed.
Let Iℓ,j :“ ti “ 1, . . . , sℓ˚ : Yℓ˚,i Ă Yℓ,j X Zu and observe that Yℓ,j X Z “
Ť
iPIℓ,j
Yℓ˚,i. As
Yℓ,jXZ is a Nash manifold, the Yℓ˚,i are pairwise disjoint for i P Iℓ,j, so the tubular neighborhoods
NYℓ˚,i are pairwise disjoint for i P Iℓ,j. Thus, the Nash map
ρ˚ℓ,j :
ď
iPIℓ,j
NYℓ˚,i Ñ Yℓ,j X Z “
ď
iPIℓ,j
Yℓ˚,i, x ÞÑ ρYℓ˚,ipxq if x P NYℓ˚,i (15)
is well-defined and satisfies ρ˚ℓ,j|Yℓ,jXZ “ idYℓ,jXZ , so it is a Nash retraction.
Define Kℓ,j :“ tk “ 1, . . . , sℓ`1 : Yℓ`1,k Ă Yℓ,ju. Observe that
Ť
kPKℓ,j
Yℓ`1,k is a Nash
normal-crossings divisor of the Nash manifold Yℓ,j. We claim:
Singℓ`1pXq X Yℓ,j “
ď
kPKℓ,j
Yℓ`1,k. (16)
Pick a point x P Singℓ`1pXq X Yℓ,j. Let U Ă M be an open semialgebraic neighborhood
of x endowed with a Nash diffeomorphism ϕ : U Ñ Rd such that ϕpxq “ 0 and ϕpU X Xq “
tx1 ¨ ¨ ¨ xα “ 0u. Both ϕpSingℓ`1pXq X Uq and ϕpU X Yℓ,jq are linear coordinate varieties con-
tained in tx1 ¨ ¨ ¨ xα “ 0u that contain the linear coordinate variety tx1 “ 0, . . . , xα “ 0u. As
x P Singℓ`1pXq, it holds α ě ℓ ` 2. We may assume ϕpU X Yℓ,jq “ tx1 “ 0, . . . , xℓ`1 “ 0u.
Observe that tx1 “ 0, . . . , xℓ`2 “ 0u Ă ϕpSingℓ`1pXq X Uq, so there exists k “ 1, . . . , sℓ`1 such
that
ϕpYℓ`1,k X Uq “ tx1 “ 0, . . . , xℓ`2 “ 0u Ă tx1 “ 0, . . . , xℓ`1 “ 0u “ ϕpU X Yℓ,jq.
As Yℓ`1,k is irreducible, Yℓ`1,k Ă Yℓ,j, so k P Kℓ,j. Thus, x P
Ť
kPKℓ,j
Yℓ`1,k. The converse
inclusion
Ť
kPKℓ,j
Yℓ`1,k Ă Singℓ`1pXq X Yℓ,j is clear.
Fix ν ě dimpMq “ d. Combining (13), (16) and [BFR, Thm.1.6 & Prop.7.6], we deduce the
existence of a Nash extension
fℓ,j : Yℓ,j XWℓ`1 Ñ R
n
such that fℓ,j|Yℓ`1,kXWℓ`1 “ ρℓ`1,k|Yℓ`1,kXWℓ`1 for each k P Kℓ,j .
As ρℓ`1,k|Yℓ`1,kXZ “ idYℓ`1,kXZ for each k P Kℓ,j and
Yℓ,j X Z “
ď
iPIℓ,j
Yℓ˚,i Ă Singℓ`1pXq X Yℓ,j X Z “
ď
kPKℓ,j
pYℓ`1,k X Zq,
we deduce fℓ,j|Yℓ,jXZ “ idYℓ,jXZ . The semialgebraic set Uℓ,j :“ f
´1
ℓ,j p
Ť
iPIℓ,j
NYℓ˚,iq is an open
semialgebraic subset of Yℓ,j that contains Yℓ,j X Z “
Ť
iPIℓ,j
Yℓ˚,i.
The semialgebraic set Cℓ :“
Ť
jPJℓ
pYℓ,jzUℓ,jq is a closed semialgebraic subset ofM and ZXCℓ “
∅, because Yℓ,j X Z Ă Uℓ,j for each j P Jℓ and
Z X Cℓ “
ď
jPJℓ
ppYℓ,j X ZqzUℓ,jq “ ∅.
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Define
Wℓ :“Wℓ`1z
´
Cℓ Y
ď
Yℓ,kXZ“∅
Yℓ,k
¯
ĂWℓ`1.
Observe that Z ĂWℓ and Yℓ,j XWℓ Ă Yℓ,jzCℓ Ă Yℓ,jzpYℓ,jzUℓ,jq Ă Uℓ,j for each j P Jℓ.
Consider the composition
ρℓ,j :“ ρ
˚
ℓ,j ˝ fℓ,j|Yℓ,jXWℓ : Yℓ,j XWℓ Ă Uℓ,j
fℓ,j |Uℓ,j
ÝÑ
ď
iPIℓ,j
NYℓ˚,i
ρ˚
ℓ,j
ÝÑ Yℓ,j X Z,
where ρ˚ℓ,j is the Nash retraction defined in (15) for each j P Jℓ.
Note that ρℓ,j : Yℓ,j X Wℓ Ñ Yℓ,j X Z is a Nash retraction such that ρℓ,j|Yℓ`1,kXWℓ “
ρℓ`1,k|Yℓ`1,kXWℓ for each k P Kℓ,j, because
fℓ,j|Yℓ`1,kXWℓ “ ρℓ`1,k|Yℓ`1,kXWℓ , fℓ,jpYℓ`1,k XWℓq “ Yℓ`1,k X Z
and ρ˚ℓ,j|Yℓ,jXZ “ idYℓ,jXZ .
Let ℓ1, i, j be such that Yℓ1,i Ă Yℓ,j and ℓ
1 ě ℓ` 1. Then
Yℓ1,i Ă Singℓ1pXq X Yℓ,j Ă Singℓ`1pXq X Yℓ,j “
ď
kPKℓ,j
Yℓ`1,k.
As Yℓ1,i is irreducible, there exists k P Kℓ,j such that Yℓ1,i Ă Yℓ`1,k. We have by (14)
ρℓ,j|Yℓ1,iXWℓ “ pρℓ,j |Yℓ`1,kXWℓq|Yℓ1,iXWℓ “ pρℓ`1,k|Yℓ`1,kXWℓq|Yℓ1,iXWℓ “ ρℓ1,i|Yℓ1,iXWℓ .
If ℓ1 “ ℓ and Yℓ,i Ă Yℓ,j, we deduce Yℓ,i “ Yℓ,j, that is, i “ j and there is nothing to prove.
Consequently, the Nash retractions ρℓ,j satisfy condition (12).
Let 1 ď j1, j2 ď sℓ be such that Yℓ,j1 X Yℓ,j2 X Wℓ ‰ ∅. Proceeding analogously to 4.A,
one shows that the intersection Yℓ,j1 X Yℓ,j2 is a Nash manifold whose connected components
are (pairwise disjoint) irreducible components Yℓ1,i of Singℓ1pXq for some ℓ
1 ě ℓ ` 1, which are
obviously contained in Yℓ,jk for k “ 1, 2. As ρℓ,jk |Yℓ1,iXWℓ “ ρℓ1,i|Yℓ1,iXWℓ for each ℓ
1, i, ℓ such that
Yℓ1,i Ă Yℓ,jk , we conclude
ρℓ,j1|Yℓ,j1XYℓ,j2XWℓ “ ρℓ,j2|Yℓ,j1XYℓ,j2XWℓ,
so the Nash retractions ρℓ,j satisfy condition (11). This finishes the induction step and we are
done. 
4.B. Sν weak retractions. Fix a Nash manifold M Ă Rm of dimension d, a Nash normal-
crossings divisor X of M and an integer ν ě 1. The purpose of this subsection is to prove
the existence of Sν weak retractions, that is, Sν maps ρ : W Ñ X, where W Ă M is an open
semialgebraic neighborhood of X, that are S0 close to the identity on X. Namely,
Proposition 25 (Sν weak retractions). There exist Sν weak retractions ρ : W Ñ X that are
S0 arbitrarily close to the identity on X. More explicitly, there exists an open semialgebraic
neighborhood W ĂM of X with the following property: for each neighborhood U Ă S0pX,Xq of
idX , there exists a map ρ P S
νpW,Xq such that ρ|X P U .
Before proving this we need a preliminary result.
Lemma 26 (Sν double collar). Let Y Ă M be a Nash submanifold of dimension d ´ 1 that is
closed in M . Let V Ă M be an open semialgebraic neighborhood of Y and π : V Ñ Y a Sν
retraction. Let h : V Ñ R be a Sν function such that Y Ă th “ 0u and dxh : TxM Ñ R is
surjective for each x P Y . Consider the Sν map ϕ :“ pπ, hq : V Ñ Y ˆ R. Then there exist
an open semialgebraic neighborhood W Ă V of Y and a strictly positive Sν function ε : Y Ñ R
such that ϕpW q “ tpx, tq P Y ˆ R : |t| ă εpxqu and ϕ|W : W Ñ ϕpW q is a S
ν diffeomorphism.
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Proof. We show first: The derivative dxϕ “ pdxπ, dxhq : TxM Ñ TxY ˆ R is an isomorphism
for each x P Y . As dimpTxMq “ dimpTxY ˆ Rq, it is enough to show: dxϕ is surjective.
As ϕ|Y “ pidY , 0q, we have dxϕ|TxY “ pidTxY , 0q, so TxY ˆ t0u Ă Impdxϕq. In addition
dxh : TxM Ñ R is surjective, so there exists v P TxM such that dxhpvq “ 1. Hence, dxϕpvq “
pdxπpvq, 1q and dxϕ is surjective.
Let V 1 :“ tx P V : dxϕ is an isomorphismu, which is an open semialgebraic neighborhood
of Y in V . Thus, ϕ|V 1 : V
1 Ñ Y ˆ R is an open map and ϕpV 1q is an open semialgebraic
neighborhood of Y ˆt0u in Y ˆR. As ϕ|V 1 : V
1 Ñ ϕpV 1q is a local semialgebraic homeomorphism
and ϕ|Y “ pidY , 0q is a semialgebraic homeomorphism (onto its image), there exist by [BFR,
Lem.9.2] open semialgebraic neighborhoods V 2 Ă V 1 of Y and U Ă Y ˆR of Y ˆ t0u such that
ϕ|V 2 : V
2 Ñ U is a semialgebraic homeomorphism.
Consider the strictly positive continuous semialgebraic function
δ : Y Ñ p0,`8q, x ÞÑ distppx, 0q, pY ˆ RqzUq.
By [Sh1, II.4.1, p. 123] there exists a strictly positive Nash function ε on Y such that 1
2
δ ă ε ă δ.
Consider the open semialgebraic neighborhood U 1 :“ tpx, tq P Y ˆR : |t| ă εpxqu Ă U of Y ˆR
and define W :“ pϕ|V 2q
´1pU 1q. The restriction ϕ|W : W Ñ U
1 is a Sν diffeomorphism, as
required. 
Proof of Proposition 25. Let X1, . . . ,Xs be the irreducible components of X and fix j “ 1, . . . , s.
By [Sh1, II.6.2] there exists a Nash vector subbundle pEj , θj,Xjq of the trivial Nash vector bundle
pXj ˆ R
m, ϑj ,Xjq, a (strictly) positive Nash function δj on Xj and a Nash diffeomorphism
χj : Vj Ñ Ej,δj from a semialgebraic open neighborhood Vj ĂM of Xj onto
Ej,δj :“ tpx, yq P Ej : }y}m ă δjpxqu
such that χj|Xj “ pidXj , 0q. The tuple pVj , χj ,Ej , θj ,Xj , δjq is a Nash tubular neighborhood of
Xj in M and the composition Θj :“ θj|Ej,δj ˝ χj : Vj Ñ Xj is a Nash retraction. As Xj is a
Nash hypersurface of M , the Nash subbundle pEj , θj ,Xjq has rank 1, that is, it is a line bundle.
Shrinking Vj if necessary, we may assume in addition Vj XXk “ ∅ whenever Xj XXk “ ∅. We
refer the reader to [O, §III.10] for the orientability of vector bundles. We distinguish two cases.
Case 1. Assume first that Ej is a trivial Nash line bundle (or equivalently, it is an orientable
Nash line bundle [O, Def.III.10.4]). Then, pEj , θj ,Xjq is a Nash diffeomorphic to the trivial
bundle pXj ˆ R, πj,Xjq. This means that there exists a Nash diffeomorphism
µj :“ pλj , hjq : Vj Ñ tpx, yq P Xj ˆ R : |y| ă δjpxqu, z ÞÑ pλjpzq, hjpzqq
such that µj|Xj “ pidXj , 0q. Thus, Xj “ h
´1
j p0q, dxhj : TxM Ñ R is surjective for each x P Xj
and kerpdxhjq “ TxXj . Consequently, if x P XjXXk for some k ‰ j, then dxphj |Xkq : TxXk Ñ R
is also surjective because kerpdxhjq “ TxXj and Xj and Xk are transverse at x in M .
By Proposition 24 there exist an open semialgebraic neighborhood Wj Ă Vj of Xj together
with a Nash retraction ρj :Wj Ñ Xj compatible with X. Observe that WjXXk Ă VjXXk “ ∅
whenever Xj X Xk “ ∅. After shrinking Wj there exists by Lemma 26 a strictly positive S
ν
function εj : Xj Ñ R such that the S
ν map
φj :“ pρj , hjq :Wj Ñ Ωj :“ tpx, tq P Xj ˆR : |t| ă εjpxqu
is an Sν diffeomorphism. As ρjpWj X Xkq “ Xj X Xk, we can also assume by Lemma 26
φjpWj XXkq “ Ωj X ppXj XXkq ˆ Rq for each k “ 1, . . . , s (recall that dxphj |Xkq : TxXk Ñ R
is surjective at each x P Xk XXj for k ‰ j). Let ηj : Xj Ñ R be a strictly positive S
ν function
such that ηj ă εj on Xj and let f : R Ñ r0, 1s be a S
ν function such that fptq “ 0 for |t| ď 1
3
and fptq “ 1 for |t| ě 1
2
. Consider the Sν map
ϕj : Ωj Ñ Ωj, px, tq ÞÑ px, fpt{ηjpxqqtq.
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Define ψj :“ pφ
´1
j ˝ ϕj ˝ φjq : Wj Ñ Wj and observe that ψjpWj X Xkq Ă Wj X Xk for each
k “ 1, . . . , s. We extend ψj by the identity to the whole M and obtain a S
ν map Ψj :M ÑM
such that:
‚ ΨjpW
˚
j q “ Xj for W
˚
j :“ φ
´1
j ptpx, tq P Xj ˆ R : |t| ď ηjpxq{3uq.
‚ Ψjpyq “ y if y PMzφ
´1
j ptpx, tq P Xj ˆ R : |t| ă ηjpxq{2uq.
‚ ΨjpXkq Ă Xk for each k “ 1, . . . , s.
‚ Ψj is arbitrarily close to the identity on X if ηj is small enough.
Only the last assertion requires a further comment. As Ψj is the identity on the difference
Mzφ´1j ptpx, tq P Xj ˆ R : |t| ă ηjpxq{2uq and φj is a Nash diffeomorphism (in particular a
proper map), it is enough to prove by [Sh1, Rem.II.1.5] that ϕj is close to the identity on
U :“ tpx, tq P Xj ˆ R : |t| ă ηjpxq{2u. If px, tq P U , we have |fpt{ηjpxqq ´ 1| ď 1 and
}ϕjpx, tq ´ px, tq}m`1 “ |fpt{ηjpxqq ´ 1||t| ď |t| ă ηjpxq{2 ă ηjpxq,
so Ψj is arbitrarily close to the identity on X if ηj is small enough.
Case 2. Assume next that Ej is not orientable. Let πj : rXj Ñ Xj be a Nash double cover
such that the pull-back pπ˚j Ej , θ
1
j,
rXjq is an orientable Nash line bundle [O, Cor.III.10.6], hence
π˚j Ej –
rXjˆR is a trivial Nash line bundle over rXj . We can take rXj :“ tpx, yq P Ej : }y}m “ 1u
(which is the unit sphere bundle in Ej with respect to the metric induced by that of Xj ˆ R
m)
and πj :“ θj| rXj : rXj Ñ Xj . Consider the Nash morphism of Nash line bundles γj : π˚j Ej Ñ Ej
that makes the following diagram commutative
π˚j Ej
θ1j

γj // Ej
θj

Ej,δj
? _oo Vj
χj
–
oo
Θj
ww♥♥♥
♥♥♥
♥♥♥
♥♥♥
♥♥♥
♥♥
rXj πj // Xj ) 	
77♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥
Notice that γj : π
˚
j Ej Ñ Ej is a Nash doble cover. Denote
rVj :“ γ´1j pEj,δjq, consider the Nash
double cover rπj :“ χ´1j ˝ γj |rVj : rVj Ñ Vj and identify rXj with rXj ˆ t0u Ă π˚j Ej. DefinerX :“ rπ´1j pX X Vjq, which is a Nash normal-crossings divisor of the Nash manifold rVj, andrXk :“ rπ´1j pXkXVjq for k “ 1, . . . , s. Each rXk is a finite union of disjoint irreducible components
of rX . Denote the regular involution that generate the Z2 deck transformation group of the Nash
double cover γj : π
˚
j Ej Ñ Ej with σj : π
˚
j Ej Ñ π
˚
j Ej. Recall that σj has no fixed points, it inverts
the orientation and γj ˝ σj “ γj . Consequently, the same happens with σj|rVj : rVj Ñ rVj, that is,
it has no fixed points, it inverts the orientation and rπj ˝ σj|rVj “ rπj. For simplicity we denote
σj|rVj with σj .
By Proposition 24 there exists a Nash retraction ρj : Wj Ñ Xj compatible with X where
Wj Ă Vj is an open semialgebraic neighborhood of Xj . DefineĂWj :“ rπ´1j pWjq, which is invariant
under σj . We claim: The Nash retraction ρj : Wj Ñ Xj lifts to a Nash retraction rρj : ĂW 1j Ñ rXj
compatible with rX for some open semialgebraic neighborhood ĂW 1j Ă ĂWj of rXj .
As rπj|ĂWj : ĂWj Ñ Wj is a local Nash diffeomorphism, there exists by [BCR, 9.3.9] a finite
open semialgebraic covering ĂWj “ Ťℓk“1Ak such that rπj |Ak : Ak Ñ Bk :“ rπjpAkq is a Nash
diffeomorphism. If we consider the covering tAk, σjpAkq : k “ 1, . . . , ℓu of ĂWj we may assume
in addition σjpAkq “ Aipkq, Bk “ Bipkq and rπj |Ak “ rπj |Aipkq ˝ σj|Ak for each k “ 1, . . . , ℓ and
for some ipkq “ 1, . . . , ℓ. Observe that Wj “
Ťℓ
k“1Bk is a finite open semialgebraic covering.
Let Ek :“ Bk XXj and observe that Xj “
Ťℓ
k“1Ek is an open semialgebraic covering. Define
B1k :“ BkX ρ
´1
j pEkq, W
1
j :“
Ťℓ
k“1B
1
k, A
1
k :“ AkX rπ´1j pB1kq, ĂW 1j :“ Ťℓk“1A1k and Dk :“ A1kX rXj .
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Observe that rXj “ Ťℓk“1Dk, the restriction map rπj |Dk : Dk Ñ Ek is a Nash diffeomorphism,
Ek “ B
1
k XXj , ρj|B1k : B
1
k Ñ Ek is a Nash retraction, Ek “ Eipkq, B
1
k “ B
1
ipkq, σjpA
1
kq “ A
1
ipkq
and σjpĂW 1jq “ ĂW 1j. Consider the commutative diagram
ĂWj
rπj |ĂWj
✍✍
✍✍
✍✍
✍✍
✍✍
✍✍
✍✍
✍✍
ĂW 1j rρj //? _oo rXj
Ak
?
OO
rπj |Ak

A1k
? _oo
?
OO
rρj |A1
k //
rπj |A1
k

Dk
?
OO
rπj |Dk

Wj Bk?
_oo B1k
? _oo
ρj |B1
k // Ek
where rρj : ĂW 1j Ñ rXj , x ÞÑ prπj |Dkq´1ppρj ˝ rπjqpxqq if x P A1k.
The map rρj is well-defined, it is a Nash retraction (because ρj is a Nash retraction) and
ρj ˝ rπj “ rπj ˝ rρj on ĂW 1j. In addition, rρj is compatible with rX (because ρj is compatible with X)
and rρj ˝ σj “ σj ˝ rρj on ĂW 1j.
To prove that rρj is well-defined pick x P A1kXA1i. Then rπjpxq P rπjpA1kqXrπjpA1iq “ B1kXB1i, so
ρjprπjpxqq P EkXEi “ B1kXB1iXXj . AsDkXDi “ A1kXA1iX rXj and rπj|DkXDi : DkXDi Ñ EkXEi
is a Nash diffeomorphism, there exists a unique y P Dk XDi such that pρj ˝ rπjqpxq “ rπjpyq, so
prπj|Dkq´1ppρj ˝ rπjqpxqq “ prπj |Diq´1ppρj ˝ rπjqpxqq and rρj is well-defined.
Let us check that rρj ˝ σj “ σj ˝ rρj on ĂW 1j. It is enough to prove this property locally. Asrπj ˝ σj “ rπj and σj is an involution, we have rπj|Dk ˝ σj |Dipkq “ rπj|Dipkq and σj|´1Dipkq “ σj|Dk , so
σj|Dk ˝ prπj |Dkq´1 “ prπj |Dipkqq´1. Thus,
pσj ˝ rρjq|A1
k
“ σj|Dk ˝
`
prπj |Dkq´1 ˝ pρj ˝ rπjq|A1k˘
“ prπj|Dipkqq´1 ˝ ρj |B1k ˝ rπj |A1k
“ prπj|Dipkqq´1 ˝ ρj |B1ipkq ˝ `rπj |A1ipkq ˝ σj|A1k˘
“
`
prπj |Dipkqq´1 ˝ pρj ˝ rπjq|A1ipkq˘ ˝ σj |A1k “ prρj ˝ σjq|A1k
for each k. The fact that rρj is compatible with rX is clear by construction.
After shrinkingĂW 1j we may assume (as in Case 1) that there exists an Sν function rhj : rVj Ñ R
such that:
(i) rXj Ă trhj “ 0u.
(ii) dxrhj : Tx rVj Ñ R is surjective for each x P rXj .
Substituting rhj by rh1j :“ rhj ´rhj ˝σj, we may assume in addition rhj ˝σj “ ´rhj . Let us check
that such change keeps properties (i) and (ii). As σjp rXjq “ rXj, we have rXj Ă trh1j “ 0u (so
property (i) holds for rh1j). Pick x P rXj . The isomorphism dxσj : Tx rVj Ñ Tσjpxq rVj inverts the
orientation and in fact if v P Tx rVjzTx rXj satisfies dxrhjpvq ą 0, then dxσjpvq P Tσjpxq rVj satisfies
dσjpxq
rhjpdxσjpvqq ă 0. Consequently,
dxrh1jpvq “ dxrhjpvq ´ dσjpxqrhjpdxσjpvqq ą 0
and dxrh1j : Tx rVj Ñ R is surjective (so property (ii) holds for rh1j).
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After shrinking ĂW 1j there exists by Lemma 26 a strictly positive Sν function εj : rXj Ñ R such
that the Sν map rφj :“ prρj ,rhjq : ĂW 1j Ñ rΩj :“ tpx, tq P rXj ˆR : |t| ă εjpxqu
is an Sν diffeomorphism and εj ˝ σj “ εj, so σjpĂW 1jq “ ĂW 1j. In addition, as rφj | rXj “ pid rXj , 0q,
we have rXj “ rh´1j p0q, dxrhj : Tx rVj Ñ R is surjective for each x P rXj and kerpdxrhjq “ Tx rXj .
Thus, if x P rXj X rXk for some k ‰ j, then dxprhj | rXkq : Tx rXk Ñ R is also surjective because
kerpdxrhjq “ Tx rXj and rXj and rXk are transverse at x in rVj. Consequently, by Lemma 26 we
may assume rφjpĂW 1j X rXkq “ rΩj X pp rXj X rXkq ˆ Rq for each k “ 1, . . . , s. Let ηj : rXj Ñ R be a
strictly positive Sν function such that ηj ă εj and ηj ˝ σj “ ηj on rXj . Let f : R Ñ r0, 1s be an
even Sν function such that fptq “ 0 for |t| ď 1
3
and fptq “ 1 for |t| ě 1
2
. Consider the Sν maprϕj : rΩj Ñ rΩj, px, tq ÞÑ px, fpt{ηjpxqqtq.
Define rψj :“ prφ´1j ˝ rϕj ˝ rφjq : ĂW 1j Ñ ĂW 1j and observe that rψjpĂW 1j X rXkq Ă ĂW 1j X rXk for each
k “ 1, . . . , s. We extend rψj by the identity to the whole rVj and obtain a Sν map rΨj : rVj Ñ rVj
such that:
‚ rΨjpĂW ˚j q “ rXj for ĂW ˚j :“ rφ´1j ptpx, tq P rXj ˆ R : |t| ď ηjpxq{3uq.
‚ rΨjpyq “ y if y P rVjzrφ´1j ptpx, tq P rXj ˆ R : |t| ă ηjpxq{2uq.
‚ rΨjp rXkq Ă rXk for each k “ 1, . . . , s.
‚ rΨj is arbitrarily close to the identity on rX if ηj is small enough.
‚ σj ˝ rΨj “ rΨj ˝ σj .
Only the latter equality σj ˝ rΨj “ rΨj ˝ σj requires some comment. It is enough to prove thatrψj “ σj ˝ rψj ˝ σj |ĂW 1j . Consider the involution
τ : rΩj Ñ rΩj, px, tq ÞÑ pσjpxq,´tq
and observe that rφj ˝ σj |ĂW 1j “ τ ˝ rφj and τ ˝ rϕj ˝ τ “ rϕj (because ηj ˝ σj “ ηj and f is an even
function). Consequently,
σj ˝ rψj ˝ σj|ĂW 1j “ σj ˝ prφ´1j ˝ rϕj ˝ rφjq ˝ σj |ĂW 1j
“ prφj ˝ σj|ĂW 1j q´1 ˝ rϕj ˝ prφj ˝ σj|ĂW 1j q “ rφ´1j ˝ τ ˝ rϕj ˝ τ ˝ rφj “ rφ´1j ˝ rϕj ˝ rφj “ rψj .
Thus, σj ˝ rΨj “ rΨj ˝ σj.
We conclude that there exists an Sν map Ψj :M ÑM such that:
‚ ΨjpW
˚
j q “ Xj for W
˚
j :“ rπjpĂW ˚j q.
‚ Ψjpyq “ y for each y PMzrπjpĂW 1jq.
‚ ΨjpXkq Ă Xk for k “ 1, . . . , s.
‚ Ψj is arbitrarily close to the identity on X if ηj is small enough.
Final construction. The composition ρ :“ Ψ1 ˝ ¨ ¨ ¨ ˝ Ψs is an S
ν map close to the identity
on X and maps the closed semialgebraic neighborhood
W :“
sď
j“1
pΨj`1 ˝ ¨ ¨ ¨ ˝Ψsq
´1pW ˚j q ĂM
of X onto X, where Ψj`1 ˝ ¨ ¨ ¨ ˝ Ψs denotes idM if j “ s. Thus, ρ : W Ñ X is a S
ν weak
retraction that is arbitrarily S0 close to the identity on X, as required. 
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5. Proof of Theorem 11
We are ready to present the proof of Theorem 11, which is inspired by some techniques
developed in [BR].
Proof of Theorem 11. First, by [BCR, 2.7.5] we may assume T is closed in Rn. Thus, by [CS],
T is a Nash subset of Rn (see also [TT]). Let F P N pRnq be a Nash equation of T . By Artin-
Mazur description of Nash functions [BCR, 8.4.4] there exists a non-singular irreducible algebraic
subset V of some Rn`p of dimension n, a connected componentM 1 of V , a Nash diffeomorphism
σ : Rn Ñ M 1 (whose inverse is the restriction to M 1 of the projection Π : Rn`p Ñ Rn onto the
first n coordinates) and a polynomial function G : V Ñ R such that Gpσpxqq “ F pxq for each
x P Rn. In particular,
tG “ 0u XM 1 “ tF ˝ Π|M 1 “ 0u “ σpT q.
Thus, the Zariski closure σpT q
zar
of σpT q satisfies σpT q
zar
XM 1 “ σpT q. Consequently, we may
assume from the beginning that T is a finite union of connected components of an algebraic set
Y Ă Rn.
Denote π : Rn`2 Ñ Rn`1 the projection onto the first n ` 1 coordinates. By [BR, Lem.2.2]
there exists an irreducible algebraic set Z Ă Rn`2 such that SingpZq “ Y ˆ tp0, 0qu Ă txn`1 “
0, xn`2 “ 0u and the restriction ψ :“ π|Z : Z Ñ R
n`1 is a semialgebraic homeomorphism.
By Theorem 20 there exists a non-singular real algebraic set Z 1 Ă Rq and a proper regular
map φ : Z 1 Ñ Z such that the restriction
φ|Z 1zφ´1pSingpZqq : Z
1zφ´1pSingpZqq Ñ ZzSingpZq
is a Nash diffeomorphism whose inverse map is also regular and Y 1 :“ φ´1pSingpZqq is an
(algebraic) normal-crossings divisor of Z 1. As T 1 :“ φ´1pT ˆ tp0, 0quq is an open and closed
subset of Y 1, it is a union of connected components of Y 1, so it is a Nash normal-crossings
divisor of Z 1.
Let f P S0pS, T q, fix a real number ε ą 0 and let K0 :“ fpSq, which is a compact semialge-
braic subset of Rn. Let V1 Ă V2 Ă R
n`1 be open semialgebraic neighborhoods of K0ˆt0u whose
closures Ki :“ ClpViq are compact and K1 Ă V2. As ψ : Z Ñ R
n`1 is a semialgebraic homeo-
morphism and φ : Z 1 Ñ Z is a proper regular map, we deduce K 1i :“ pψ ˝φq
´1pKiq is a compact
semialgebraic subset of Z 1 and K 11 Ă V
1
2 :“ pψ˝φq
´1pV2q. The restriction pψ˝φq|K 1
2
: K 12 Ñ R
n`1
is a uniformly continuous map, so there exists η ą 0 such that if z, z1 P K 12 and }z ´ z
1}q ă η,
then
}pψ ˝ φqpzq ´ pψ ˝ φqpz1q}n`1 ă
ε
3
.
By Proposition 25 there exists a small open semialgebraic neighborhood W Ă Z 1 of T 1 and an
Sν weak retraction ρ : W Ñ T 1 that is arbitrarily S0 close to the identity on T 1. Shrinking the
Nash manifold W , we may assume in addition W X Y 1 “ T 1, }ρpyq ´ y}q ă η for each y P W
and ρpClpW XK 11qq Ă V
1
2 Ă K
1
2. Thus, if y PW XK
1
1,
}pψ ˝ φ ˝ ρqpyq ´ pψ ˝ φqpyq}n`1 ă
ε
3
. (17)
Denote V 11 :“ pψ ˝ φq
´1pV1q. As ψ ˝ φ is proper and T
1 ĂW , the semialgebraic set
C :“ pψ ˝ φqpZ 1zpW X V 11qq “ pψ ˝ φqpZ
1zW q Y pψ ˝ φqpZ 1zV 11q
is a closed semialgebraic subset of Rn`1 that does not meet pT ˆ t0uq X V1.
Suppose by contradiction that y P C X pT ˆ t0uq X V1. There exists z P Z
1zpW X V 11q such
that pψ ˝ φqpzq “ y, so z P pψ ˝ φq´1pT ˆ t0uq X pψ ˝ φq´1pV1q “ T
1 X V 11 Ă W X V
1
1 , which is a
contradiction.
Consider the distance function δ : Rn`1 Ñ r0,`8q, y ÞÑ distpy,Cq and observe that
δ|pTˆt0uqXV1 is strictly positive. As S is compact, the homomorphism δ˚ : S
0pS,Rn`1q Ñ
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S0pS,Rq, g ÞÑ δ ˝ g is by Proposition 18 continuous. The continuous semialgebraic function
δ ˝ pf, 0q is strictly positive on S and attains a minimum δ0 ą 0 over S. Let ε
1 P p0, εq be such
that if g P S0pS,Rn`1q and }g ´ pf, 0q}n`1 ă ε
1 on S then
|δ ˝ g ´ δ ˝ pf, 0q| ă
δ0
2
on S,
so in particular δ ˝ g is strictly positive and Impgq Ă Rn`1zC. Consider the continuous semial-
gebraic function f 1 :“ pf, ε
1
3
q : S Ñ Rn`1. We have
}pf, 0q ´ f 1} “
ε1
3
ă
ε
3
on S (18)
and Impf 1q X txn`1 “ 0u “ ∅, so Impf
1q X ptxn`1 “ 0u Y Cq “ ∅. The following commutative
diagram summarizes the situation we have achieved until the moment.
W
ρ

 z
,,❨❨❨❨❨
❨❨❨❨❨❨
❨❨❨❨❨
❨❨❨❨❨❨
❨❨❨❨❨❨
❨❨❨❨❨❨
❨❨❨❨
T 1
  //
?
OO
φ

Y 1
  //
φ

Z 1
φ

T ˆ tp0, 0qu
ψ

  // Y ˆ tp0, 0qu “ SingpZq
ψ

  // Z
  //
ψ
((PP
PPP
PPP
PPP
PPP
PP
R
n`2
π

T ˆ t0u 
 // Y ˆ t0u 
 // Rn`1
ψ´1
hhPPPPPPPPPPPPPPPP
S
pf,0q
OO
f 1:“pf, ε
3
q
// Rn`1zptxn`1 “ 0u Y Cq
?
OO
The S0 map ψ´1˝f 1 satisfies Impψ´1˝f 1qXpSingpZqYψ´1pCqq “ ∅ (recall that ψpSingpZqq “
Y ˆt0u Ă txn`1 “ 0u), whereas the S
0 map f2 :“ pφ|Z 1zY 1q
´1 ˝ψ´1 ˝ f 1 : S Ñ Z 1 is well-defined
and Impf2q X pψ ˝ φq´1pCq “ ∅. Thus, Impf2q X pZ 1zpW X V 11qq “ ∅, so Impf
2q Ă W X V 11 .
Write f2 : S Ñ W X V 11 and note that f
1 “ ψ ˝ φ ˝ f2. By (17)
}ψ ˝ φ ˝ ρ ˝ f2 ´ f 1}n`1 “ }ψ ˝ φ ˝ ρ ˝ f
2 ´ ψ ˝ φ ˝ f2}n`1 ă
ε
3
on S. (19)
By [DK, Thm.1] there exists an open semialgebraic neighborhood U Ă Rm of S such that
f2 extends to a continuous semialgebraic map F 2 : U Ñ W X V 11 between the Nash manifolds
U and W X V 11 . Let H0 : U Ñ W X V
1
1 be a Nash map close to F
2 (use [Sh1, Thm.II.4.1]).
The restriction h0 :“ H0|S : S Ñ W X V
1
1 is a Nash map close to f
2. By Proposition 18 the
homomorphism
pψ ˝ φ ˝ ρq˚ : S
0pS,W X V 11q Ñ S
0pS,Rn`1q, g ÞÑ pψ ˝ φ ˝ ρq ˝ g
is continuous with respect the S0 topology, so ph, 0q :“ ψ ˝ φ ˝ ρ ˝ h0 : S Ñ T ˆ t0u is close to
ψ ˝ φ ˝ ρ ˝ f2 : S Ñ Rn`1. Thus, we may assume
}ψ ˝ φ ˝ ρ ˝ h0 ´ ψ ˝ φ ˝ ρ ˝ f
2}n`1 ă
ε
3
. (20)
By (18), (19) and (20) we deduce
}h´ f}n “ }ph, 0q ´ pf, 0q}n`1 ď }ψ ˝ φ ˝ ρ ˝ h0 ´ ψ ˝ φ ˝ ρ ˝ f
2}n`1
` }ψ ˝ φ ˝ ρ ˝ f2 ´ f 1}n`1 ` }f
1 ´ pf, 0q}n`1 ă
ε
3
`
ε
3
`
ε
3
“ ε.
In addition, ph, 0q “ ψ ˝φ˝ρ˝h0 is an S
ν map, because it is a composition of Sν maps. Thus,
we have found an Sν map h : S Ñ T that is close to f , as required. 
24 JOSE´ F. FERNANDO AND RICCARDO GHILONI
Appendix A. Proof of Proposition 18
We afford here the proof of Proposition 18 in the general case.
Proof of Proposition 18. As S is locally compact, it is closed in some open semialgebraic set
U Ă Rm. Analogously, T is closed in some open semialgebraic set V Ă Rn and there exists a
Sν map F : V Ñ Rp that extends f . For each open semialgebraic neighborhood U 1 Ă U of S
we have the following commutative diagram:
SνpS, T q
f˚ //
 _
j

SνpS, T 1q _
j1

SνpS,Rnq SνpS, V q
F˚ //? _
i
oo SνpS,Rpq
SνpU 1,Rnq
ηU 1
OO
SνpU 1, V q
θU 1
OO
F˚ //? _
i1
oo SνpU 1,Rpq
ρU 1
OO
(21)
where θU 1 , ηU 1 and ρU 1 denote the (continuous) restriction homomorphisms. Note that ηU 1 and
ρU 1 are actually open (surjective) quotient maps. We claim:
SνpS, V q “
ď
U 1 open in U ,
SĂU 1
θU 1pS
νpU 1, V qq.
The inclusion right to left is clear, so let us prove the converse one. Let g P SνpS, V q and let
G : U Ñ Rn be a Sν extension of g to U . Let U 1 :“ G´1pV q and G1 :“ G|U 1 : U
1 Ñ V , which is
a Sν extension of g to U 1 whose image is contained in V , that is, G1 P SνpU 1, V q.
The lower F˚ in diagram (21) is continuous (it is the Nash manifolds case [Sh1, II.1.5, p. 83]),
so the composition ρU 1 ˝F˚ is continuous too for each open semialgebraic neighborhood U
1 Ă U
of S. Let us prove: The map F ˚ in the middle row of diagram (21) is continuous.
Let W be an open subset of SνpS,Rpq. We first show
F´1˚ pWq “
ď
U 1 open in U ,
SĂU 1
θU 1ppρU 1 ˝ F˚q
´1pWqq.
Indeed, let g P F´1˚ pWq and let U
1
0 Ă U be an open neighborhood of S for which there exists
G P SνpU 10, V q with θU 10pGq “ g. Observe that pρU 10 ˝ F˚qpGq “ pF˚ ˝ θU 10qpGq “ F˚pgq P W.
Thus, g “ θU 1
0
pGq P θU 1
0
ppρU 1
0
˝ F˚q
´1pWqq. The converse inclusion is clear.
Hence it suffices to show that each set θU 1ppρU 1 ˝F˚q
´1pWqq is open in SνpS, V q. As ρU 1 ˝F
˚ is
continuous, i is continuous, i1 is a homeomorphism onto its image, the equality i˝θU 1 “ ηU 1 ˝i
1
holds and ηU 1 is an open quotient map for each open neighborhood U
1 Ă U of S, we are reduced
to prove: SνpU 1, V q is an open subset of SνpU 1,Rnq for each open neighborhood U 1 Ă U of S,
which follows from [BFR, 2.D]. Consequently F ˚ is continuous.
Now we turn to the upper square of diagram (21). As F˚ in the middle row is continuous, the
composition F˚ ˝ j is continuous too. But this map coincides with j
1 ˝ f˚, which is consequently
continuous. As j1 is a homeomorphism onto its image, f˚ is continuous, as required. 
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